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PREFACE

The gravitational attraction of a celestial body on a particle increases be-
yond all 1imits whenever the partiéle approaches the attracting center and finally
collides with it. Consequently the differential eduations of motion present singu-
larities at collision; the art of removing such singularities by appropriate trans-
formations of the coordinates and of time is called.regularization.

Several methods for regularizing the 2-dimensional motion of a particle, sub-
jected to gravitational forces, are known. In 1895 T.N. Thiele achieved simultane-
ous regularization of two attracting centers and in 1915 G.D. Birkhoff found a sim-
pler method for reaching the same goal. A remarkable regularization of the plane
motion of a particle about a single attracting center was published by T.Levi-Civita
in 1906. He introduced parabollc coordinates in the plane of motion and used the
eccentric anomaly in place of time as the independent variable. This procedure has
the desirable property of transforming the equations of pure Kepler motion into lin-
ear differential equations, thus permitting easy integration and a simple theory of

perturbations.

Several authors have proposed to take advantage of thls fact for establishing
analytical as well as numerical methods in celestial mechanices. In particular, this
was discussed in the spring of 1964 during a symposium at the research institute at
Oberwolfach, Germany [16]. It was generally felt that such a theory would have only
a doubtful value if restricted to 2-dimensional motion. Happily, P. Kustaanheimo
succeeded at the end of the session in constructing a 3-dimensional generalilzation

of Levi-Civita's transformation by replacing complex variables by spinors. In the
paper [3] we reformulated this in terms of matrices, discussed the analytical and
geometric properties of the transformation and outlined the perturbation theory.
This opened the way for further generalizations, for example the construction of a
3-dimensional transformation of Birkhoff's type [17].

Other 3-dimensional regularizations were known before, but as far as we know
they have not the property of generating linear differential equations. We mention
in this connection only the ingenious work of K.F. Sundman who established in 1913
his famous result on forever convergent expanslons in the problem of the three

bodies.

In 1965 the National Aeronautics and Space Administration of the U.S.A. sug-

gested that we study the problem of regularization with the 3-dimensional case as
the principal area of research, furnish additional knowledge of possible types of
trajectories and improve methods for numerical integration of trajectories.

This research was organized as a cooperative project of NASA and the Swiss
Federal Institute of Technology. It i1s my pleasant duty to express our thanks to
both organizations and to IBM for sponsoring this work. We are also indebted to




NASA's representatives Dr. E.D. Geissler, Dr. H.A. Sperting and Commodore C.
Dearman for their interest, comments and helpful assistance.

It should be mentioned in this connection that this report is intimately con-
nected with research work done by NASA scientists. For instance R.A. Broucke [18]
of the Jet Propulsion Laboratory has developed a perturbation theory of the oscu-
lating orbit based on [3], which is somewhat different from the theory contained in
this report {cf. section 1.4); R.F. Arenstorf [19] and H.A. Sperling [20] of
Marshall Space Flight Center have published remarkable contributions to the theory
and application of regularization.

NASA's scientific support has created wider interest in celestial mechanics at
our university and, in particular, Mr. P. Sturzenegger and Mr. B, Stanek have facil-

ltated our work by investigating some special problems and by carrying out computa-
tions. We are very obliged to them and also to Mrs. S. Eisner who, with everlasting
energy, took care of all the little details involved in printing and publishing
this report.

Finally we want to thank Mr. A. Schal, director of our computing center; he
was always ready to help us and to put our programs on the Control Data 1604-A
computer with high priority.

Zurich, September 1966. E. Stiefel

How to read this report

1. A reader only interested in perturbations and practical computations will skip
the more theoretical investigations on simultaneous regularization of two at-

tracting centers (sections 1.1.2, 1.2.2 and chapter 3).
2. References to literature are in square brackets.

3. We have the custom to list on the left-hand border of an equation the numbers

of the previous formulae needed for proving that equatlon. For lnstance

(1,98) (a + 8)2 = &% + 2ap + b2 (1,99)

means more expllclitly: "from formula (1,98) it follows that (a + b)2 =

a2 + 2ab + b° and this result is the new formula (1,99) ".
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1. PRINCIPLES OF REGULARIZATION

by E. Stiefel

The motlion of heavenly bodies may be predicted using the theory of classical
celestial mechanics. This theory leads to a set of differential equations, whose
solutlion provides the equatlion of the respective orbits of the various bodies. The
standard classical methods of solution of these equations 1s very successful if the
various bodlies considered remain well apart from each other as they move in their
orbits. However these methods become cumbersome and lnaccurate if the bodles are
involved in a near-coliision, and break down alltogether 1f an actual collisién is
involved. A very important practical problem for instance concerns the motion of a
space vehlcle as 1t moves from the earth to the moon. This is 1n a state of near-
collision both at the beginning and at the end of its orbit.

The intention of this report is to introduce and investigate numerical as well
as analytlcal methods, which deal with this problem taking into account this some-
what shifted polnt of view. Such methods should be able to compute an orbit during
and beyond collision, and transformed into perturbation methods they should con-
verge rapldly also for orbits of arbitrary high eccentricity. Thils implies the
introduction of regularized coordinates and a regularizling time. Furthermore the
classical orbital elements (inclination, longitude of node, pericenter, etc.) are
not unamblguously defined as the eccentricity of the orbit approaches 7 (the
major axis a remalning bounded)..For thls reason, and in order to provide a con-
venlent general theory, we introduce also regularized elements 1in thils paper.

We emphasize the practical computational aspects and avold lengthy theories
by using sources already avallable in the literature. The report should be readable

however without consulting such sources too much.

At the end of the paper the general properties of regularized methods are
listed. Thelr advantages and disadvantages in the light of our experience, are

discussed.

1.4 Motion in a plane

A particle of mass #2 is subJected to the gravitational force of a central
body M located at the origin of a X,, X,-plane. (Fig. 1.1). A possible path is a
Kepler ellipse focused at the origin; if the eccentricity of this ellipse 1s close
to 7, the orbit is very close to a straight line segment. In the limiting case,
the orbit i1s a straight line segment, the particle moving forwards and backwards
on this line, 1ts position vector making a sharp bend of angle 22 at the origin.
In order to remove this singular behaviour, generalized coordinates ¢, &, are



introduced by mapping the physical X-plane ( X = X, + £Xx2 ) onto a parametric
w-plane (& = Uy + du, ) in such a-way that the image of the particle moves on a
straight line always in the same direction going beyond the origin after collision
and making no turns at collision. Thus the angle 22X in the physical plane should
become only 2 in the parametric plane. In general regularizing fransformations
must have the basic property that angles at a_.t'cracting centers are halved.

) x2 ua

® ®

= X4 uy

Fig. 1.1. Regularizing Transformation.

The kinetic energy 7~ of the particle is a quadratic form 1in the general-
ized velocities sz with coefficients depending on the position of the image
point. If our mapping X= X(&) is conformal at points not occupied by attracting
matter, this form is reduced to a sum of squares, thus ensuring that each
Lagranglan equation contains only one acceleration Lt;. We take advantage of this
fact by restricting ourselves to conformal transformations. The complex variable x
is then an analytical function Xx(«) of the complex argument w«. We use the
Cauchy-Riemann equations

x4 _ X2 DXy - _ ‘22X (1,1)
dug Dduy ? 2u, ¢, ’

and we introduce the functional determinant

2
x Z X |*
0 = — = (——6/ s (112)
du 77 ou,
where ¢ is either 7 or 2. Denoting differentiation with respect to the time z
by a dot, the velocity & of the particle in the physlcal plane is given by

.2 2 .2 .
»*= |x|” = I:_Zl lel” = 0- pa a/-l (1,3)
and 1ts klnetic energy by

T-3v = 3024 (1,4)



(The mass " of the particle is assumed to be =7 ; in our subsequent working the
magnitude of this mass is irrelevant because 1t cancels out of the equations of
motion). The forces acting on the particle are supposed to have a potential that
splits up into a conservative potential &€ (X;) (eventually singular at centers of

attraction) and a perturbing potential ‘/(ké,éj regular at those centers and
eventually depending expliclitly on time. The Lagrangian equations of motion with
respect to the generalized coordinates &, are then

; 0 X 2 _
L(04)- 482 Zal + 5 (k+ V)= o, (1,5)

where the potentials &£, V' are written as functions of @, and £ before differ-
entlation. If we go from the parametric plane to the physical plané by our trans-
formation, we have in general conservation of angles, excepting that at the image
points of attracting centers angles are doubled. Such points are unconformal and
the coefficlent of the highest derivative in (1,5) (that 1s the determinant O )
vanishes there, thus producing a singularlty of the differential equation. In order
to avoid this phenomenon a regularizing time - also called flctitious time § -~ 1s

introduced by the relations

Ael o z '
AL — b £ o -
= e =P G — g Em /O (1.6)

We denote differentiation wilth respect to S by an accent and obtain the follow-
ing modified forms of (1,5)(1,3):

n
I y* 20 CX/4 2V
U — 5 =— + DEZLE = — [ — (1,7)
2 . R 4
7 24, du, 2
where U‘ is given by
2 14 2
= — . 18
z p 2 (1.8)
On the right-hand side of (1,7) appear the perturbing forces
2V
? 24

in the parametric plane. They may be computed from the perturblng forces Y in
the physical plane by the formulae

- -2V . _2V _ _ 2V Ix
SR i PP SR T
g, = 2% 4 (1,9)
7 w0y

(1,7) becomes

Laf _ ¥t 20 - D 2U

o8 = . 1,10
Z u; 2« 07/ ( )

This equation (1,10), derived above for the case in which the perturbing forces can
be derived from a potential, 1is also valld if this is not possible, so long as the



@, are computed using (1,9). The last step of regularization is the elimination of
v* by the vis viva integral

%L-I- U = h+ W. (1,11)

h 1is the constant of energy and

the work done by the perturbing forces. The result is
s, 2 _4)] = 20
4 * 5o [O(U-R)] = Dg,; + 55 W (1,13)

This system of differential equations is perfectly regular if the pole of U at an
attracting center is compensated by an appropriate zero of 0.

A few remarks concerning initlal conditlons are in order. We have

: 2%y - dx, - - X2 ¢ ox; -
X = A5, U, * u X, = + 17
I4 9((, 4 Qu, T+’ 2 3“, ’ Fu, 2

By solving for (,2’) «, and taking into account (1,1) the formulae

s 1/ 9% dxa - . N Idxy - Xz -
“=0l3a, %" 5q AN N R h Y,

are obtalned; thus from (1,6)

-, 3)(" .
/ % P ¢ (1.14)

This enables us to compute at instant Z=s5= O the velocities t{; in the para-
metric plane from the given velocitiles )E‘- in the physical plane. Denoting values
at this instant Z=s5= © by the subscript o, we have also

S

2.

/3
ﬁ. = ra Z(o R W‘/?j g{uj . (1,15)

o
Sométimes it is pratical to introduce a scaling factor )\(uj) in the
definition of the fictitious time:

dt - /\D ds . (1:16)

This slightly more general regularization leads to the following baslc and final

set of formulae.



Notations

parametric space
w;
s, 4o oy
Z((u.,)
%
W= /7 g du

physical space
coordinates X
velocity v
d -
time Z, :&CZ - (/
conservative potential Z((x‘-)
perturbing forces Y
work W = /Z‘ P olx;
Transformations
2X;
coordinates Xy = X; (u D, 0= Z. (9 .
‘) &
time dt = A0 oy
L .
veloclty ) (Z a_, a/
e e
¢ 0D 7
X
perturblng force . = Z /o‘.
% ) ¢,

1 o s ur yt 20 2
Y (¥ -2 55425,
or
{ d s uf
325 (% *949/0(” ~)] =
h= 2+ U, .

(v, Z/.- initial velocity and potentiatl).

)J_ (for any £ ) (1,17)
(1,18)
I x¢

- A% %; X; (1,19)
(1,20)

(1,21)

= 07/ (1,22)

0
0% + a—“/"' 774 (1,23)
(1,24)



1.1.1 Transformation of Levi-Civita. In the sequel of the paper we consider only
gravitational forces described by Newton's law of attraction. We begin with the
simplest case of a single attracting center located at the origin of physical X-
plane; if the classical equations of motion are used, the attractive force becomes
infinite, if the particle is at the origin. Levi-Civita [1] has developed in a
famous paper a method for removing this singularity by introducing the parametric

«w -plane and using the simplest mapping of the w ~-plane onto the x ~plane satisfy-
ing the requirement to double angles at the origin and be conformal elsewhere. This
transformation is (Flg. 1.1)

X= u®; Xp= w)f - wl,  xy= 2u, U, . (1,25)

The distance 7/~ of the particle from the origin of the physical plane is
2 2
= lxl = lul" = 2 wo o, (1,26)

and from (1,2) we obtain

2
- |ZLx} . 2 _
5] S 4| 4r,
20 _ , 9r _ 4,2 2 _ 8
2“_/' 4 aL‘{/ = 4‘29' Z, UL = u/- .

With the choice X-é of the scaling factor the equations (1,23) of motion become
)
4w +2—uj(r5(]—zﬁuj = rqg, *2u; W.

For the Newtonian gravitation the product (&) is a constant; thus the equatlons

are reduced to

bu’ —2hu, = rg * 2 u w, (1,27)

and in particular the Kepler motlion about the attracting center is given by the

differential equations

l/—aj - .ZA_ u/- = O (1128)

because no perturbing forces are acting. These equations are not only regular at
the origin but also linear with constant coefficients. This brings out the deeper
reason for the fact, that regularization is not only useful for collision orbits
but also for orbits of modest eccentricity. If A is negative the motion (1,28) is
a harmonic oscillation. The orbit of the image-point In the w-plane 1s an ellipse
centered at the origin and mapped onto an ellipse of the physical plane focused at

the central body.

1.1.2 Birkhoff's Transformation. For the transfer orbit of a vehicle from earth to

moon a simultaneous regularization at both attracting centers is needed. This was
performed by Birkhoff [2]. In order to facilitate the generalization to 3-dimen-
sional motion, we give a somewhat modified account of his lines of approach to the
problem. The orbit of the moon about the earth is assumed to be a perfect circle.



A rotating coordinate system Y Y i1s introduced (ﬂg. ‘1;2) in such a way that
earth and moon occupy fixed places on the Y,-axis, the origin being their center
of gravity. The problem of computing the orbit of a particle of negligible mass in
this force field is known as the restricted circular problem. We are still
restricted of course to planar orbits in the y-plane. By convenient choilce of the

units of mass, time and distance we may assume that

1. The total mass of earth and moon = 7.
2. The distance of the moon from the earth = 7.
3. The gravitational constant = 7.

Denoting the mass of the moon by g we find this body at (/—(u, 0 ) and the earth
of mass (/—'/-4-) at (-‘u,o ). The angular velocity of the rotating system is = 7
as follows from the third law of Kepler. Finally we denote by ry, /; the distances
of the moving particle from the earth and the moon respectively.

y2

Fig. 1.2. Birkhoff's Transformation.

In the problem at hand the conservative potentlal & is composed of the two
gravitational potentials and the potential of the centrifugal force:

U=~ ZE - E )

7 2



or up to a non-essential additive constant

< i S X I A
U= -(-e)(5 + 5+ '/“(r;_""z’iji (1,29)
the perturbing force is the Coriolils force

Pr = 2y, , Py = .2);, . (1,30)

The key for achieving the desired regularization is the remark that Levi-Civita's
transformation (section 1.1.1) has not only regularizing properties at the origin
but also at infinity. It is therefore sufficlent to throw the earth into the origin

and the moon into infinity by approprliate and elementary conformal transformations.
The following chain of mappings is proposed. (The V -plane {llisted first in the
table) is the parametric plane corresponding to the regularized equations of mo-
tion, the y-plane (listed at the foot of the table) is the physical plane of

Fig. 1.2).

space coordl- abscissa absclssa Transformation
nates of earth of moon
?
7 7 -z z
]é'. =2y
2 v -1 7
Inversion
3 u; 0] oo (1,31)
Levi-Civita (KS)
4 X; o o0
Inversion
5 Y -1 7
Yt = 21 xf * (2{' (“}
6 Y: a -

By inversion 1s understood a transformation by reciprocal radii. The center of
inversion is at the point ( 7, O) and the radius of inversion is VZ . (This state-
ment is valid for the transformation 2 -—-3 as well as for 4 — 5 ; Flg. 1.2
illustrates the mapping 2 —-3 ). The transformations 7 — 2 and 5 — 6 are
only unimportant adjustments; the essentlal transformations 2 —-5 are conven-
iently expressed in complex notation by

u-—/=:_—£——, X = us, Y—/=-._—z7,

V-1 X -

where V is the complex conjugate of V (V= V, + Vz). These give for trans-
formations 2 —5,

Y = £(v+L) (1,32)



and so, the complete transformation 7 — 6 1is
7 2
FY (- = §(V*57)+ (3-p),

Fv+L)+ (3-p). (1,33)

In real notation this may be wrltten

Y= ‘(“}"2/ "'_'Z{TV"‘E/:

B -, (1,34)
D= Z(V’-— v, % v,_")'
The distances /7, /3 have the following expressions:
e pl m £ eegher] - g et )
2
‘ 1 -t lv-43i
|y+{u—7| = Z|V+4-_V—7l Z ‘—IV—I". (1.'36)

The absolute value in the numerator of (1,35) is the distance of the image of the
particle 1n the parametric plane from the image of the earth. For establishing the
equations of motion the scheme (1,17) - (1,24) is applled.

N _ .
A P22 A PR ploogllvetl  np e CAEla
dv 4 Gv® ME Ivi* ’====::s==¢z¢w/
0= —T,;_r;-_:_ - (1:37)

V, -+ v,

Por the computation of the Coriolls forces ?7 in the parametric space the abbre-
viatlions

- 2%
8, = 32 (1,38)

%
are introduced. With A =7 we have from (1,19)(1,21)(1,30)

i~ 526

2‘6‘//0‘ = ‘2(6"/)'/1 - 52/'.);7);

2
£ p (6 bt ~ 65,6,/ v (1,39)
(4)
Because the Coriolls forces do no work, the equations (1,23) of motion are finally
Y L fO(U-R)] =27 (8,8,,-6,8,]v . (1,40)
95’ () v

Here the expression



7 7,3 v 3
ou - _Vz+v_z/'(f'f‘/(’i+2’; n)-wltn+inn’)/ (1,41)
( 2
has no longer singularities at the attracting centers; thus equations (1,40) are
perfectly regular. From (1,20)(1,11) we obtain the energy relation

/ .2
- ; +
A 35 Z v, 74 (1,42)
(observe W=0) and after integration of the differential equations (1,40) the
physical time ¢ 1is glven by (4,18)

t - /D ods . (1,43)

By Birkhoff's transformation a new singularity is produced at the origin of the
parametric v-plane., This can be seen from (1,41). This event does not generate a
serlous danger because this origin corresponds to the point at infinity of the
physical plane. T.N.Thiele removed also this singularity by substituting for V in
(1,32) an exponential not attaining the value O. His transformation is

V- e‘z’ Y-cg;z, ]‘(2—”"‘14}'#'21(052.

It is worthy of note that the right-hand sides of (41,40) can be simplified with
the help of the Cauchy-Riemann equations for the analytical functlon Y(v) . These
expressions are reduced for /= 7,2 to (20 v’ ) and (-2 0 v,”) respectively. But
we do not take advantage of thls fact because 1t is no longer true for the

3~-dimensional motion of a particle.

1.2 Motion in 3-dimensional space

In this section we conslder the motion of a particle moving in the 3-dimen-
sional physical space referred to rectangular coordinates X,, X;, X3. It turns out
that a generalilzation of the methods of section 1.1 to 3-dimensional motion is im-
possible if only three generallzed coordinates &, 4., «; are introduced. But al-
most all such methods have their adequate generalization 1if we are allowed to fix
the position of our particle by 4 parameters «,, ¢., 4, ¢, related by a non-

holonomic condition. Thus the parametric space will be a 4-dimensional space.

1.2.1 The KS-Transformation. This is the generalization of Levi-Civita's trans-
formation described in section 1.1.1. The 4 parameters «, are introduced by the

following definitions:

A z 2 2.
Xy = U, — U — Uy + U

Xe = 2(u,uy - uy i) (1,44)
K_, - 2(”/ (»(3 + uz u,_)

For «y= ¢, = © this coincides indeed with (1,25). As in (1,26) the distance 7
of the particle from the origin of the physical space is given by

10



Tl Zlqu s (1145)

where summation goes from 7 to 4. This follows from (1,44) by explicit verifica-
tion. Also we have

rex, = 20ufral) ,  rexo= 2(0)+u]). (1,46)

This furnishes the following two alternatives for the computation of the «; from
the X; 3

z 2 4 2 L §
U+ up = 3(r+x) , w, + uy = z(r-x,) ,
- Xa Uy + X3 Uy - Xz ly + X3 UYs
u, FE R, ’ «, X, » (1,47)
U, - Ry~ X2 Uy w, = Xl — X2 Uy
3 rm+ X1 ’ * P_Xf -

The second and third line are obtained by solving the second and third equation
(1,44) with respect to «;, Uy or with respect to ¢,, «,. The ¢« are of course
only determined after cholce of one among them, but this is irrelevant for our
purposes.

The transformation (1,44) has been studied in the article [3] and many con-~
formal properties have been recorded. It follows from these considerations that the
basic formutae (1,17) - (1,24) are applicable with the only modification that

summation runs from / to 3 in the physical space and from / %to 4 in the para-

metric space., With A= ,% we obtalin immediately

| 2x > 2, 2 2 20
@ 0= '37,-/ = Hlar g al)=br, S = 8y

(1,18) odt - rds, (1,47a)
(1,19) u/ - 3_'-(4,)5,+ali,_+ Uy x5 ),
Uy =~ Sty hy+ U Ryt U Ry)
Uy = El-wug X uy % + 4, %) (1,48)

uy = F( wy %, - u_,i,_+u,.>33) .

(1,20) vie £ 47, (1,49)

(1,21) % = 2( uyp,+ taps+ yps),
G = 2(-apypt Uy P2t U ) s
Qs =~2(~Usp,~ U pa * Upy) s
Qe = 2( Uy p,~Uspat Uz ps) .

Let us assume now that our particle is subjected to the gravitational attraction

(1,50)

of a body located at the origin and to some unspecified perturblng forces. Thus the
potential 1is

11



u--4, (1,51)

where M 1s the product of the gravitational constant with the mass of the central
body. Our automatic formula generator goes on as follows:

(1,22) buf + (22 - v u = rg (1,52)

(1,23) buf -2bhuy = rg; +2Wu , (1,53)
2 LN S

(1,24) l o= g + U, = 2’ - g’ , W—/Z 9, du; - (1,54)

The set (1,48) of equations implies
U ] — g ul + uy, ul - I =0 (1,55)
¢ 4y 3“2 2“3 r Uy . ’

This is the non-holonomic condition mentioned at the beginning of this section,
Equation (1,49) transforms the vis viva integral (1,11) into

27 Wt = Merthe W), (1,56)

This set of formulae is, in itself, a collection of gulding rules for the numerical

computation of an orbit. Let us call it

First procedure

(Perturbed motion of a particle about a central body; computation of the parameters
&, as functlons of the fictitious time $.)

Initial conditions. Compute initial position and velocity of the particle from
(1,47) and (1,48), also A from (1,54). W=o0.
Differential equations. Integrate the system of 70 simultaneous equations of

first order
444/.”—-2/1141- - r?j+214/u/. , S =52,3, 4,
/7 /7 Vd
£'= r, w Z,%.a/-

At each step /-, X, ¢, are computed from (4,45)(1,44)(1,50), the perturbing
forces o, in the physical space being known from other sources. (1,55) and (1,56)

(1,57)

are used as checks,

As far as the author knows, this simple procedure has never been used for ex-~
plicit numerical computations. It will be modified and refined 1n sections 1.3 and
1.4 for elliptic initial conditions but 1t 1s possibly successful for hyperbolic,

parabolic or near-parabolic initial conditions. In such a case we advocate to

compute the Eerturbationsz)

do, - « — iy, dr = r-r, , 4 ~ £-1¢, (1,58)

1) If no collision occurs, the perturbing forces must not remaln finite at the ori-
gin as was assumed in section 1.1.

2) Throughout the paper the subscript A indicates values corresponding to the un-
perturbed Kepler motion.

12



of the coordinates of distance and of time. From (1,45) it follows
Lr = 7 (24 +du, ) Ay, , ' (1,59)
thus "(1,57) can be transformed into
4—(449}//— 2h Luy = (r;+ A/—/?j * ZW(a/.K +Aa/-} ) (1,60)
(at)’ = 4ar , W’ = Z ?/(a/,: + (Ay)) , (1,61)

where A4, is given by (1,59). This arrangement of the rules for computation avoids
the loss of significant fligures by subtraction of almost equal numerical values.
The computation of the unperturbed Kepler orbit is described by equations (1,76)
(1,87)(1,88) in section 1.3.

The equations (1,52) of motion have not been taken into account in our first
procedure. They have the advantage that they avold the computation of the work W
but they suffer from the fact that both quantities ZM/P and #° are infinite at
collision. Nevertheless these equations are very useful for the discussion of the

osculating Kepler orbit in section 1.4.

1.2,2 The B,-Transformation. The generalization of Birkhoff's transformation

(section 1.1.2) to 3-dimensional motion is immediate. The y -coordinate system 1is
supplemented by a Y3 -axis perpendicular to the plane of Fig. 1.2 and the particle
is allowed to move in space, /7, /> denoting as before 1ts distances to the
attracting centers (earth and moon). The potential (1,29) is modified by a term

containing Yy,; and becomes
2 7 2 /7 2z
U - —(f—,u)/§+21/;/ (- F A IS (1,62)

Again 4 generalized coordinates v are introduced for describing the motion of
the particle and the chain (1,31) of transformations is applied with the only
modification that the mapping of space 3 onto space 4 1s performed by the KS-trans-
formation Just discussed. Hence the spaces 1 through 3 have four dimensions and the
remalning spaces 4 through 6 only three. The inversion 2 —~3 ror instance is

given by the formulae

2(V;-7) 2 V.
=7 = z 2 T ) - T Y 2 2 4‘2;3:4- (1,63)
’ V-1)+Y +V,+ |~ “ (l{—/}+Vf+V$ +V,

The composition of the 5 transformations of table (1,31) is a littlie tedious
because complex notation is no longer available. The final result 1s

P 4
v (v +%)
Y= (3-p)+ 5[ vyt e /-

S T
AR AR S

3
4
¥ = 1[v, + vwiy'-£/- VUVL] (1,64)
2 2 2. V’l_'_ V‘.l._'- ‘:’1_ ’
Y; = i[V_, + Y’("#L"E{)"' "a-Ve/
3 2 V’l+ V;L'* VJL

13



For =y =0 this reduces to the previous transformation (1,34). Because in-
versions are conformal mappings In 4-dimensional as well as in 3-~dimensional
spaces, the prescriptions (1,17) - (1,24) for establishing the equations of motion
still hold true; one obtains_

CE/
(1,17) O = 4 ( ‘) - ’z;':l__,_' , (1,65)
o'\ v Vo vy
where
t N 2
fow L (ard) A0 N ey T el el
7 k2 2

s - 2. .
Vv s vle Vv e vie v
By choosing Aw 7 s We have for the “fictitious time S
(1,18) at - D ds . (1,66)

The transportation of the Coriolis forces into the parametric space 2y leads to

exactly the same results as before, namely

Ve 2 (1
g = %%_(é,/ 511‘ - é;.j éﬂ(} V/‘ ’ 54‘4 = 93: P (1,67)

where 4 1s now running from 7 to 4 and the equations of motion (1,23) are
literally the same as in (1,40), that is

"7' * 5%[0(&—;‘}]= 2%.(61/52&—52/ 574) ‘2,, J=72,3,4, (1,68)

/ 2

A= L : 1,6
The inltial position of the particle in the parametric space can be computed by
making use of table (1,31) in the reverse order, using the formulae (1,47) for the
inverse KS-transformation. Initial veloeities are taken from (1,19)

, .
v = 2 b % (1,70)
()
After integration of the equations (1,68) the physical time is computed from
[ =/0 ds . (1,71)

The foregoing brief description of the B3-transformation is adequate for our
purposes. A thorough analysis with detailed proofs is given in [4]. Further infor-
mation is contained in chapter 3 of this report (Waldvogel); there the B3-transfor-
mation 1s established for the more general elliptic restricted problem, where the

moon is allowed to move on an elliptic Kepler orbit.

14



1.3 Kepler motion

1.3.1 The unperturbed motion of a particle about a central body is governed by the
equations (1,53)(1,54)

2
’ % :
&% -/-fﬁf ___)u/ -0, S 12,34, .(1:72)

where 7o, Y, are respectively the ilnitial distance and the velocity in the physi-
cal space. If the coefficient of &, 1in {(1,72) 1s positive, we may introduce a

frequency w by

3L = (1,73)
and write our equations
» 2
U + wu = 0 . (1,74)

Thus the motion of the image of the particle in the parametric space 1s a harmonic
osclillation and its orbit is an ellipse centered at the origin. This orbit 1s
mapped by the KS-transformation (1,44) onto a Kepler ellipse in the physical space
and 1f the image makes one revolutlon in the ¢ -space, the particle itself makes
two in the physical space. Its velocity o 1s determined by (1,49)

vt £ W, -2t (1,75)

r, given by (1,45), is the distance of the particle from the origin of the physi-
cal space during its flight. By integration of the equations of motion we obtain

7N

/ . <] .
G = oty Cos WS + f 3hwS ,  uf = (-0 sinws + [3; cos ws) . (1,76)

S 1s the fictitious time satisfying of = rds and o, B, are constants which
are computed from the initial conditions as follows

0(./. = (49.}0 B ﬂ/ = wL(L-(/,/O . (1:77)

Obviously the & parameters OC_/‘,/?,- characterize the motion of the particle; we
call them the regularized elements of the orbit. From (1,55) it follows at instant

S=0
“'qﬁf —“5/31 +°")./3J - “1/34; = 0O . (1,78)
Furthermore (1,56) can be written for s =0
r * ) wr N 2
2w = Menh = M (f- )= M -2,
where (1,54) and (1,73) are used. Thus it follows from (1,75) and (1,77)

2w () + ) = M. (1,79)
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The ¥ parameters o, °‘j’/8j are thus related by the two identities (1,78)(1,79).

This remark reduces the number of independent parameters to 7 exceeding by one the
classical number. This stems from the fact that the mapping of an orbit from physi-
cal into parametric space is not unique.

We shall next compute distance /7 and time Z 1in the physical space.

(1,75)(1,76) 7 = (Z}) cos’ws +(Z ) sm*ws + 2(Z ;) sin ws cas ws
r= 4 F oG+ f) + Feos2ws L) - ) + sin 20 Zogfr (1,80)
t=/frds = 37 654" +4Lw sin 2003 2 (o7~ f37) # 55 (1-eos 208) 7 058 . (1,81)

These formulae together with (4,76) and (1,44) determine a given Kepler motion
explicitly.

We now proceed to establish some connections with the classical theory and its
notations. The time / of revolution in the physical 'space i1s attained for
wS = x, thus

e T = = St = AL (1,82)

If a denotes the semi-major axis of the Kepler ellipse in the physical space, we
have from Kepler's third law

2% %%
Al

and confrontation with (1,82) furnishes

M
a = Fot (1,83)
By inserting this into (1,79) we obtain the important result
x
a=17 +4") . (1,84)

The mean angular velocity lu of the particle 1s

1,82) - 2X . 4w . (1,85)
( “ 7 Z(x_z_/_ .:.)
s * B
By inserting the value (4,73) of @ into (1,83), we obtaln a well-known

relation of classical celestial mechanics,

kN
L .2 _ %
a = (1,86)

Mo

which holds true at any point of the Kepler orbit.

These formulae are a little simpiified 1f the initial position of the particle
is the pericenter of the Kepler orbit. Denoting by e, £ eccentricity and eccentric
anomaly comparison of (1,80) with the classical formula

ro= a(/—-ecosE)
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leads to the result

4 Lt
e--Z—EZ_(oc,-~ﬁ,), Em2ws, Zeyf =o0. : (1,87)

It still remains to consider the cases where the coefficient of ¢, in (1,72)
1s negative or vanishing. If the former event occurs, we have equations of the type

- 2 ws —ws
U - wu - o, w=eoy e + ﬁ; e ,

and the orbit is hyperbolic. A vanlishing coefficient leads to

4
78

G =0, a-—og,-s-f-/g-.

4

This orbit 1s a stralght line 1n the parametrlc space and a parabola in the physi-

cal space.

1.3.2 Varliation of the elements under the influence of perturbing forces. Return-

ing to the general elliptic case we may write equations (1,53)(1,54)

n
ul + w u; = A, (1,88)
r N 2 ‘
& —2,; - Z-n R F/ - Z’(P?/ *~ 2 WU/) . (1:89)

This system 1s integrated by the familliar method of variation of constants. We put

U = 0%, (3) cos s +@-(s) sin ws , 45.’_ a)(—:x/-(s).szh ws +ﬁj(s) cos ws) s (1,90)
thus introducing varying elements o (S}, /@-(s) . They must satisfy the differen-

tial equations

ocj/ = -—Z)/— /‘; s/h s, ﬂ// = wi /C; cos S . (1,91)

In order to rewrite the energy equation (4,56), we use (1,54) and (1,45) namely

hom B M 2

2 7o ’

r= 2. (ot cos ws + fsin ws)”,

or

(1,80) r o= 1”'2("‘7}"/?/1) +2—’wg 2w_<.Z(o<f—ﬂ,}) + sm2wsJ e f3,  (1,92)

Z_.cg-’z = CULZ.("“/ sen ws + f3; cos ws)™
thus
(1,56) .Zw"Z.(—ag sth ws + fB; cos ws)™

= N7 - Z-MLL(D(/'co_q wSs +ﬁJ-.s:'n, a.:_s)z + /‘W,
or

rW =202 (' + 8% ~ M. (1,93)
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We now collect the formulae of this section and section 1.2.1. This collection is
our

Second procedure

(Perturbed motion of a particle about a central body; elliptical initial condi-
tions. Variation of elements.)

Data. M = product of gravitational constant and mass of the central body located
at the origin of a carteslan system X,, Xa, X3 .
P = components of the perturbing force (per unit of mass of the particle).
At instant £ = O the position X; and veloclties X'L- of the particle are
glven.
Initial condlitions. At instant &= 0 compute the initial values of the general-
ized coordinates &,, Uy, Uy, ¢, Of the particle by either of the two sets

Lt 2wt = L(re
U, +u, =z(r+x,j s Uy + Uy = z(r Xs)
XUy + X3 U, Xe Up + X3 Uy - 2
U = S22 D U, - L2 r 2 x=,
+ X, r—x,
U, = X = Xally , - Nl X
3 r+ x, ’ “ r=x,

Take the left- (right-) hand set if X, > 0 (X,<0) and choose &, (u«,) arbitrar-
ily. At instant Z = O compute also

' - . .
“1"2(“1"1"‘“;.":.*“3"3) ' 2

W - ™M _
4 . . . 2r »
Uy = F(~t %y + Uy Xy + U %) o 4
, ’ . - -
u, = Z(‘ U Xg— Uy X3 + U, Ks) ’ (3, ¢ = initial dis-

’

p . . . tance and velocity)
u, = 3( U X, — Uy X + “zxs) :

The initial values @/,, (/3/)0 of the elements <X, /; are now given by

(D<7}° -, %'jo - ‘_Z“ “_/‘/ .

Furthermore at instant &= O we have the inltial values
to = 0 > Wa - 0 .

4 .
Differentlal equations. OC_/' - —25‘ 5 Sin ws , ﬂ; Ll 'uL) /)_ cosS WS ,
(argument §) (1,94)

t’=/‘, W,=Z?ju/f' /'—/,2.,3,4-_

At each step of integration compute

z 2 [N 2
)("l Q,—al—a3+a¢ N

= % ces ws + fi;sinws, xe = 2u e, ~ uyu,) (1.95)
1,9
&' = wlot simws + fi; cos ws) Xy = 2(u, uy+ U, Uy)
z L b8 2
ro= Uy U, Uyt Uy,
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9, 2( U py+ U P2t u_,,a_,) R

G = 2(-tapy+ Uy pr + U Py) s . (1,95)
93 = 2(_“3P1 U Pt Y p,),
?4‘ nZ( L(4‘P,'UJ,D2_+ QLP_’), 6=Z‘l(/—%+2w‘6{/).

Checks. o .

S fr = %s fat 'xlﬁd -0 p, =
rw - JZCUL¢2i(a9f+-/§f) -7 .

1.3.3 Perturbations of the elements. If the perturbing force is small compared

with the central attraction, it 1s advisable to establish a companion procedure
computing the perturbations

Aoy = o=ty , AR = =By, Adr=r-ry, 4t = £ -2, (1,96)

of the elements, of distance and of time. As always the subscript A indicates
values corresponding to the unperturbed Kepler motion.

. : - I A
0(//\. - (°.</jo = (‘.I/'}° ’ /Gﬂr (ﬁ//o w (%'/a ‘
rx, Ly are given by (1,80)(1,81) if the initial values (0 ),, (/3;), of the ele-
ments are inserted. From (1,92) 1t follows

Ar = 2 (5 b, + 3, 8f3;) + cos ZwsZ(o;-Aocj—/@:-A/Jj} + s 2e0s J (%, 403+ 3.4 )

where 59- for instance 1s an abbreviation for the arithmetic mean of the perturbed
and unperturbed elements of the oX-type.

Companion procedure

Substitute for the differential equations (1,94) the following routine.

Differential equations.

(o) = & £ sinws ,  (4f3) = E cos cos
/ [ s
(at) = 4r , W’'= Z,?/.a/- .

(Initial conditions /49 )o= 0, (43 ). = 0 , (4%), = O, W,~o0).
At each step of integration compute

Ar = (&, de +ﬁ: Aﬁ,} + cos 2wGZ(°§~A°‘:,'—/3J-A/S_,~/ + S Zw.sZ_(o?/-A/%+ﬁ:.Ao.<// s

where

G Cyntidey . B (Bhrdf
T S
L= gt +37 [te)?+ (ﬂ/):] +4.—/‘;)- sim 2ws J_[(x) - (B.)"]
+2—£&; (7- cos 2ws) 7 _ (), (ﬂj}a

and proceed with (1,95).
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In order to avold loss of significant figures, the energy-check should be
modified as follows. Because there is no work done by perturbing forces during the
pure Kepler motion, we have W = A(FVV/ , hence

rW = bt 2 (5 oy + G af) (1,97)

This companion procedure ls the basic tool for the numerical experiments out-
lined in chapter 2 of this report (RSssler). A final remark should be added con-
cerning dissipative perturbing forces such as drag for example. In these cases, the
velocities of the particle in physical space are also needed. These are gilven by

(1,19) namely
. 2 / s s
k= Z(,u] - gty - ugui + wyuf)
Xp= 2 (Ul + Uy u)— Uyl — ) (1,98)

v 2 ’ 7 7 /
x3=.F(u,u,+u3u,+u,u¢+u¢uz).

1.3.4 Ejection orbits. It must be stressed that the frequency < depends on the
initial conditions; ¢ should be known with high accuracy as will be shown in

section 1.7. If the particle is starting at instant ¥=0 at the origin (thus
coinciding with the central body) this frequency appears in undeterminate form

2 M _ %
(1,73) w 2 Z

because /, vanishes and ¥, 1s infinite. In this case we give only the direction
of the 1nitial velocity vector X‘- but we gilve also the numerical value of elther
w , the constant /l of energy or the semi-major axis @, of the unperturbed

orbit, these quantities being connected by

(1,54) (1,83) (1,89) D (1,99)

The unperturbed orbit in physical space is a segment of straight line and from the
given data the coordlnates X‘:' of the apocenter are at once obtained as well as
the corresponding parameters 49-' by (1,47). In the parametric space the apocenter

is associated with the value .s--% s thus we have from (1,76)

Be = & s

the (e;), vanish,

If the particle starts not exactly at the origin but near the origin, @ is
only poorly determined, thus w should also be given in advance and agaln the
initial velocity-vector only by its direction. The velocity a/-’ at the initial
instant 1s then determined by (1,48) up to a proportionality factor. This factor
may be computed from the law of energy (1,56)

20 W= M+ rh = M-2ra", (1,100)
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Nevertheless initial position and veloclty must be given with high accuracy if
(1,48) 1is applied.

1.4 . The osculating Kepler motion

We return now to the equation (1,52) of a perturbed Kepler motion

v rM_ v r '
. =L . Z = o 1,101
G+ GG-F)w=-Fo (1,101)
The osculating Kepler motion at an arbitrary instant Z is by definition the pure
Kepler motion constructed with the actual values of the coordinates &, and veloc-
ities qf' at time ¢ as initial conditions 1)
lating orbit is a functlion @ of £ or & and is obtained from (14,86)

. The seml-major axis of the oscu-~

2 z
- = - _/\”1“ . (1,102)

QN

Thus (1,101) can be transformed into

” Yard r
7 o4+ L , Lo
; ia 2% - A (1,103)
The variation of @ , as time goes on, is intimately connected with the work M/
done by the perturbing forces. We obtain expliciltly thilis dependence of @ on 124
from the vis viva integral (1,11). This gives

x

i
2 a

~ / 2
- he W, _=—/T7_(/z+l4//. (1,104)

A disadvantage of (1,103) 1s the variability of the coefficlent of ¢, . This can
be avoided by introducing a new fictitious time o defined by the differential

s = I/a—‘f do , ol = ‘/% rds . (1,105)

@, 1s the semi-axis of the osculating orbit at the initial instant = 8sS=m =0,
and may be obtained from (1,102)

relation

AN S SR A 06
(1,89) R il A (1,106)

where @ 1s the frequency used throughout section 1.3. The substitution (1,105)

transforms the equations of motion 1nto

Ve
” @ ’ Vacd Q I
7 &L g+ L L om = .
% 2a 7 4a, % Q, 4 5/ ’

where accents denote differentiation with respect to o . Cl’may be eliminated by

1) This is to say if the perturbing force is switched off at instant é, the

particle moves onward on the osculating orbit.
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otk ile
'/"_

differentiation of (1,104)
Vd
a 2 ’ 2 V4 7 Py
2 _— = — - =
(1,12) a2 M w MZ?A“A Za.w"z- P Y v
thus
, z

!/ a 7 s s
) s o S o —_— 4 10
W W =g a,(r'%"'w'-afz:%a&/' (1,07
The right-hand sides of these equations can be consldered as perturbations, because
they are proportional to the perturbing forces. It still remains to express @ by
gquantities attached to the parametric space., With ¢ as independent variable
equation (1,49) is transformed into

2 4 a, 72
wr-k ) 4,

4
thus
2 7 2
1,102) I _2_ 4% o 2 o £ wr
(1, a~T7 M~ a 7 T wrar Z 4
and by solving with respect to @
7/ J/ . 2
a=F(r + 430 @) . (1,108)

As in section 1.3 the equations (1,107) are integrated by variation of constants.

We agree however to denote the new fictitious time agaln by § and we put there-

fore

&£,

4= oy cos S + [ smws , = co(~0g sin S + f cas ws). (1,109)

/

The &, ﬁ/ are functions of § and are the elements of the osculating Kepler

motion. Its seml-axis is
2
(1,108)(1,45) @ = /P (sjcos @S + 3 sn ws)
+ S (cogon ws +fy cosws) [ = £ 5 (wf+f2) (1,110)

as could be expected from (1,84).

Third procedure
(Osculating orbit.)

Data and initial conditions as in second procedure.

Compute also Qq,= 'ﬁi
4w
Differential equations. . P N
o = — L L s ws ;=L £ cos ws
(argument s ) 7/ w ’ /‘?/ w ’

L‘""/O—?:—r.

u/-, W, X, 7/ as 1n second.pr'ocedure. Compute at each step also
7 L, a2 -1 a I ! .
a=F2.(5+5), & 4a,[P?./'+w1‘l/Z?1<“4/'

Check. K“/.;’ _“Jﬁl'f“z/‘;-’—“’ﬁ* -0 .
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As in (1,96) we establish a companion routine by computing only perturbations
with respect to the pure Kepler motion. Let AZ = Z— [, be the perturbation of
time, where t!r is the time passed during the motion of the particle on the unper-
turbed Kepler orbit up to the position corresponding to a given value of S.
According to our third procedure we have '

l/& r
Q,

and in particular on the unperturbed Kepler orbit (@ = @, = const.)

7
Coe = i s
thus
(at)’ = Ver = ru . (1,111)

% and z‘,r being determined by the formulae (1,80)(1,81) of the pure Kepler mo-
tion,

Companlion procedure

Data and initial condltions as in second procedure,

a.=fL . (e)-0, @fl~0. @l =o.

Differential eguations.

(Aog/' - EJL £ sin ws (Aﬁ/ -L £ £ cos ws ,

’
At) = [ % -
(at) / "~
At each step of integration compute
2 . .
a, + 4 cos 2ws Z_[(x/-j:‘— (ﬁ}u j + sin 2ws P (), @B

£ = a,s +{-‘—":)— sin 205 5 [0g) "~ ()] + 55— (1-cos 2005) 7. (o)), 2

o = (o), + A0 /@.=(ﬁj)°+dﬁ,-, £= ¢, r+ 42 .

(argument s )

bf/-, u/-', Xy, Iy ?/ as in second procedure. Compute at each step also

a=if) bStf) ., H=F&lg+ha g 4l).

Check. ,,F ocdﬁ ./.oc:_ o</j ——

We should not forget to adapt the rules (1,98) for the velocities to the
modified definition of fictitious time:

. 2 ’ ’ ’ ’
Xy - = ‘/fz (wyee] = ety ef ~ geef + e, &),

. 2 a.

(1,105) Xg=~ = |/a (e, + dped] - uy & -t4gef) (1,112)
. 2 ’
Xy == _gz(a’u;+uJa,+ula;fu“az’),
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The obvious advantage of the third procedure is that it avolds the computation of
the work Lv’ done by the perturbing forces; moreover, operating with the familiar
osculating orbit facilitates the comparison of classical and regularized computa-
tions. But it should be mentioned however that the companion routine suffers a
1ittle from loss of significant filgures because on the right-hand side of (1,111)
the difference of two almost equal quantities appears. Our numerical experiments
however convinced us that this is not a serious danger.

1)

1.5 Analytical theory of perturbations

1.5.1 Flrst-order perturbations. The methods and procedures outlined above are

valid for any particle subjected to elliptical initial conditions and moving under
the influence of a central attraction and perturbing forces. There 1s no necessity

to assume that the perturbing force is small compared with the central attraction.

On the contrary, thls section is devoted to the study of perturbing forces
which are infinitesimally small; this is to say a theory of first-order perturba-
tions 1s developed. As the left-hand sides of the differential equations (1,107)
are already linear, no linearization is needed; this is in contrast to the classi-
cal theories of first-order coordinate perturbations [6] which are based on the
non-linear differential equations of the Kepler motion. As in classical theories
the restriction to first order 1s performed by evaluating the right-hand sides of
(1,107) no longer on the actual orbit, but on the unperturbed Kepler orbit which
osculates at time Z= 0 ; thus

7 LSRN § Ay // 1,113
«’ + Wy z_—[r%.+wza/_>_%u4h,. (1,113)

As always, the subscript A7 indicates values to be taken on the unperturbed orbit.
The ratio a/QL disappears because Cyf-= &,. The right-hand sides of these equa-

A L PR e

are known functions of the regularizing time ¢ ; therefore the differential equa-

tions

tions for the elements (as recorded in the third procedure) can be integrated by

quadratures:

o = _L_UZ_//-/' (s) snws ds , /@ = .a%//-}(.s) cos ws ds . (1,115)
For first-order perturbations (1,111) is approximated by

(@t) = f1# ZEr = 0 = (10 52) prar) = 13 ~ ar = G2 0

(1,116)

[«

at =//Ar +2r"°Aa/d\s ,

1) More details on first- and higher-order perturbations are contained in (=1.
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thus avolding loss of significant figures. This implies the computation of

(1,110) da ~ Z_/(c(yj.doc,-+(ﬁ,-), A/?,-] (1,117)

and

(1,92) Ap~Aa+a52wsZ[@1Aa/ ~(Bh AL + 31);2&152[@9},4/5_;*-%),40{,‘]- (1,118)

Finally ,; 1is taken from (1,80) or from (1,45).

A

Fourth procedure
(First-~order perturbations of elements and of time; osculating Kepler orbit.)

Initial conditions. As in second procedure.
Computation of the unperturbed motion (osculating at instant Z=0 ). For sake of
simplicity of notation the subscript A 1s suppressed.

A

4w’

a, =

G = (y)o Cos S + (B)o sin s , o = @ [~ Cgy), sin cos # (fB), cos cws ], (15119)
Perturbing forces

9= 2( 4p+ tapy + Uy p3) s

Gy = 2(—apy+Uspp + 4 p3 ) (1,120)
Qs = 2(~uypy-tppr* Uy p3)

Q= 2( Uppy-UspatUUspy) .

Ly = QS +£Z—u sin ZwsZ[(ogj:'— (/@J:] +2Lu-) (7- cos Zws.)Z(o(j}. (/3i)o , (1,121)

E N
Xy = H,L— uz"—u_,"+u9 »
Xp= 2(Ugy; -yl ,
xy= 2(Gus +us ),

2 s |3 2
o U Uy U Y,

7 , .
f=flrg+a &/l g 47)

Perturbations of elements.

Doy = —5’/‘5 sinws ds , Aﬁ,- -r--aL)/JF/' cas ws &s .
o e

Perturbation of semi-major axils

da = 7 [eg) a0 + (). 43 -
Perturbation of distance

Ar = da + coSZwSZ_[(acj~,Ao(J'~(ﬁ//° A/fj]+ Sin waZ[(ocj-},Aﬂ,- * (3 A«/_‘/.

Perturbation of time

at =/[Ar+§—da)¢s .

a,

Elements of the osculating orbit at instant s .

% = Gyt doy , = (Bl aff, E= Ly +dT.
Position &;, Xx; of the particle from (1,95).
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An account on numerical experiments is given in chapter 2 (Rdssler). In the
sequel the integrals (1,115)(1,116) are computed by Fourler expansion, therefore
some remarks about the periodicity of our functions are in order. A function /(.S)
is called symmetric or skew-symmetric if

ForE) = £ o fsrE) = ~feo

respectively. As can be seen from (1,120) the parametric coordinates «; are skew-

syumetric but the physical coordinates X; are symmetric. Let us assume temporar-
ily that the L in (1,120) are any functions depending only on the position x,
of the particle 1In the physical space; thus they are symmetric functions. The
corresponding functions 2, are skew-symmetric as well as the perturbing functions
/';- . But 1t should be stressed that the integrands

/7 /
(do;)” = —Z{y F sin ws , (A/ﬁ}) - wl £ eos ws (1,122)
are symmetric and have therefore by definition the period ZUE .

1.5.2 Three-body problem. We consider now the motion of a particle of negligible

mass in the force-field of two heavy bodies moving about each other on perfect
Kepler orblts. As always the first body - referred to as central body - 1is at the
origin of the Xx; -system and its gravitational parameter (product of mass and grav-
itational constant) is denoted by M, The second body of gravitational parameter
/T1_ moves on the relative Kepler orbit, assumed to be an ellipse. Let @ be its

seml-major axis and

— % -3
A= (Mrh7) " a % (1,123)

the mean angular veloclty of this second body, also called perturbing body. Vo d
should be small with respect to A7. In our first-order theory the path of the
particle 1s also a pure Kepler ellipse, as far as the computation of the perturbing

forces is concerned. In order to compute these forces, the position of the partilcle
will be fixed by its fictitious time S and the position of the perturbing body by
the physical time & . Purthermore S, ¢ are considered to be independent varia-
bles, since the forces /O‘- exerted by the perturbing body on the particle are
defined indeed for two arbitrarily chosen positions of these two bodies.

For a fixed position of the particle the p; are perlodic functions of the
mean anomaly (/¢ ) with the period 2 ; therefore we may expand them into a
Fourier-series:

L - Z Pin Cés npl (1,124)

Nw-00

{(In order do avoid accumulated exponents, we use the notation césoc = cosec *~dgne ),
The Fourier coefficients ,O‘-"_ are determined uniquely by the position of the
particle; they are symnétric functlons A, (§) of § in the sense of the pre~
ceding definition. By inserting (1,124) into (1,120) the Fourier coefficients of
the integrands (1,122) are obt;ained and from our discussion above it follows that

these coefflcients are again symmetric functions of § .
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In order to simplify notation let f stand for any of the & Integrands
{1,122) . The Fourier expansion of the integrands has now the typical form

+oo
f - Z f;,(s) cls nat (1,125)
-0
where /Q(;) is of period £§ wlth respect to its argument S,

But during the actual motion of the particle and the perturbing body the vari-
ables $,Z are not independent but correlated by the fact that Z 1is also the
Kepler-time 4ﬁ of the particle corresponding to the value of § under considera-
tion. By writing (1,121) in the concentrated form

£= a,s + A, + Aycos 2as + Ag sin 2ews,
2
M=l P e (B =N, A= L 2 ek 0BL ]

equation (1,125) is transformed into

(1,126)

f—Ec:’s n,&a,\s[/;(.s) cis nfi (A + Ay cos 205 + Ay sin Zcus)] .

x
The expresslon in brackets 1s a symmetric function of $§ of period - and may
therefore be expanded in a Fourier-serles of the type

o

[] = L Fny €63 2vws,

Vs — o0

hence

Fo ] s (zvoe i)

(n,v)
where the coefficients f;y are constants. Any integrand (1,122) has such an ex-
pansion and by integration it follows finally

’ Fayv -
~ consl + fooS * - Cés (v + g, ) S (1,128)
Jfeds = const # fous # [ TR cis( Z2)s 5
the accent indicating the omission of (n,Lﬂ)ﬂ (0,0) . The constant must be deter-
mined in such a way that the whole expression vanishes for $= @ ., This finishes
the computation of the perturbations Aﬂog'of the elements and by further integra-
tion the perturbation 4t of time is obtained, as was described in our fourth

procedure.

We proceed to discuss briefly the event of vanishing denominators in (1,128).

We have then

Y .2 A

n 2w(Ll-—f‘,
where (¢ 1s the mean angular velocity of the particle, determined by (1,85) and
(1,84). A vanishing denominator thus occurs if and only 1f the mean motion of the
particle and the perturbing body have a ratio that is a rational number. Such a

situation is known in classical celestial mechanlcs as resonance.
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S, = LQS,

hence

(1,127) F= 72 Fcis(zvws +ns,), (1,129)
(n,v)

(1,126) = ,:_"Sr -+ )\,+ A, cas 2ws + \; Sin Zws . (1,130)

Evidently, the integrands f' can be conslidered as functions of the two independent
variables §, S, , because any choice of § determines the position of the particle
and then an arbitrary value of §, yields a corresponding value (1,130) of time
and consequently a position of the perturbing body. The development (1,129) is then
obtained by tabulating the & integrands /' at equally spaced values of s, s, and
by puting into action a standard automatic routine for double harmonic analysis.

By introducing §, also in the final result (1,128), the result

ﬁ"al.s - consl + faoS +Z" D cés (Zvws + ns,) (4,128a)

‘Rvew +npa,)

is obtained. The term f;aS is the secular perturbatlion and the sum is a double

Fourier-series with respect to s, §, .

In chapter 2 of this report, Dr. Rossler has worked out an ALGOL-program for
computing first-order perturbations, based on the preceding analysis. In order to
obtain consistent algorithms, he introduces also regularized elements 59”’/@ for
the motion of the perturbing body. Furthermore he uses instead of s, S, two modi-
fied independent variables intimately related to the eccentric anomalies of the
particle and the perturbing body.

P.A. Hansen [7] was the first to appreciate the advantages of a Fourier ex~
pansion with respect to the eccentric anomaly of the particle lnstead of using its
mean anomaly as independent variable as was customary in the works of his prede-
cessors., The introduction of s, 1s due to him. Therefore there are some points of
contact between Hansen's methods and ours. Hansen's procedures are very accurate
and have been widely applled; they can however not handle the problem at hand. Our
main goal has been indeed to establish a perturbation theory remaining valid for
near=collisions with the central body, that is to say for elliptic orbits with
eccentricity only slightly inferlor to 7 or even = 7, The numerical experiments
described in chapter 2 indicate that this goal has been successfully attained.

1.6 Secular perturbations

The investigations of section 1.5 have clearly indicated that the theory of
the osculating orbit and its perturbations, based on regularized elements, proceeds
along the same lines as in the classical theories of Lagrange, Leverrier and their

successors.
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In this section we discuss some aspects of literal developments of perturbing
functions and of secular perturbations. We do not attempt to present a complete
theory but restrict ourselves to some examples of relative simplicity. The sub-
sceript n » denoting quantities attached to an unperturbed Kepler motion, 1s sup-
pressed in this section and by 09-,/5/. we understand the constant elements of such
a motion. With this convention the equations (1,114) and (1,122) of our first-order
theory can be written

- L _Z_ 7’ ,
7 4("?,- * R u/-Z‘c;,‘a4 / ’ (1,131)
where U; = 0 Cos w\s-f-ﬂ_,- sm ws a/f - w(-og/-Srh ws +ﬁj cos ij s (1,132)
o= 45.“, (1,133)
4 . ’
(deg;) = "D,— £y osinws ,  (44) -U/ £ cos ws . (1,134)

We remember the significance of our notations:
Uy, Uy, Uy, U = coordinates of the partlcle in the parametric space,
7/. = perturbing forces in the parametric space,
accent indicates differentiation with respect to S,
Aoc/-, d/z--perturbations of the elements and
¢u 1is defined by (4,73)
i M _ u

w' = 5 o

where A 1s the gravitational parameter of the central mass and

/7., ¥, initial position and velocity of the particle.

ey

1.6.1 Conservative perturbing potential. Let us assume now that the perturbing
forces A, in the physical space may be calculated from a conservative potential
V(X,:} which depends only on the position of the partlcle. Taking into account our
KS-transformation (1,44) the perturbing potential becomes a function V(@j in the
parametric space; if we replace &,, using expression (1,132), this function is
further transformed into a function V(og,, /@-; 5) of §, where the 09,/3. shoutld
be treated as parameters independent of & . As was established after formula (1,8)

we have
2 .
?. - _.__T V?%9}

thus
2 , .
2 Vey.fyss) = (_7_4/ [52 Veg)fu] = -2 g, ¢ s (1,135)

the last expression appears in (1,131). From (1,132) we also obtain the partial

derivatives of V with respect to the elements ©¢ and /.?, H

? 2 D, 2V )
a—‘fj V(Oé/,/:?/,s) - [Q—u/ V(U/)_/a'g; - —7/-60.5 ws , 9—/@‘- —Z,-srn ws . (1,136)
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By collecting (4,131) through (1,136) we have for instance

(40 = = 555 (rgy smovs = S205 o] 7 5, o7

/ (44 sva.aus
(r ?ﬁ, /4 9;/
Sn ws g V
/,n?ﬁ/ 2L (o smw.s+ﬂ/co.swsj9 _/
/Zpgﬁ +ZUL_ ; + 0L Co.sZw.s-/-ﬁ,JmZaJ.s) )
7/
similarly
(0 = =5l [20 2L + 5 (i os 005 —agp mws) 51

This set of rules for computing the perturbatlions of the qy,/% 1s analogous to
the canonical equations for the perturbations of the classical elements. We adapt

these rules to the more famlliar classical notation by allowing the particle to
start from its pericenter and introducing the eccentric anomaly £ < 2ws, Hence

F M
r-a(/l-ecsk), w =%
. 4a

follows from (1,83). a 1s the semi-major axis and € the eccentricity; it fol-

lows that

d{j::_'/} [Q(/_ecosf) —ﬁ— +( c+oC; wsE+ﬁ/sm£)9/__-_/

dffz?.«')._ - a [a(f-ecasf)dv-f—[ﬁ/ 4—@ cos £ — .smE/ cl4

(1,137)

In order to compute the integrals of the right-hand sides, L/ i1s expanded into a
Pourier-series with respect to Er; this implies a literal development, this 1s to
say that the coefficlents of the expansion must be given as expllicit algebraic ex-
pressions in the elements aga,/% and s or é?; otherwise their partial deriva-
tives are not available. An analogous analysis can be carried out in the case in
which the perturbing potential is not conservative but depends explicitly on time.

1.6.2 Secular perturbations. Let us now investigate the secular perturbations of

first-order in the problem of the three bodies, As 1n section 1.5.2, a bar over a
symbol denotes a quantity attached to the perturbing body. If no resonance occurs,
the secular influence of the moving and perturbing body 1s equivalent to the influ-
ence of the Gaussian ring obtained by distributing the mass of the perturbing body
over 1ts elliptical orbit proportionally to the Kepler time on this orblt. The
potential of this ring at a glven point in the physical space is the integral
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- M e
4 7—-_//0 , | (1,138)

wEfre . is the distance from the given point to the genergl point of the ring,
/M the gravitational parameter of the perturbing body and 7 1ts time of revolu-
tion. (E;g..lig). The perturbing potential b’ 1s conservative and thus our rules
(1,137) are applicable. If

VeVt VicosEr YsnEr - (1,139)

is the Fourler expansion of this potential, we need only the first three coeffi-
clents Lﬁ, Lﬁ, Lﬁ, because we are only concerned with secular perturbations and
are therefore only interested in the constant terms in the Fourler-series of the
right-hand sides of formulae (1,137).

Fig. 1.3. Gausslan ring.

The further investigations of this section are restricted to a circular motion

of the perturbing body. (Fig. 1.3). The circle of radius a 1s assumed to be 1in
the X;, Xs~plane and the position of the particle is described- by polar coordinates
r)zf,;b. In this special case the potential b’ of the circular ring is given by

the Legendre expansion.

V- E S (R) ) i,

where /zn is the Legendre polynomial of degree (27n). Because both sides are
harmonic functions, it is sufficient to verify this formula for A= 0 (particle
on the Xy-axis). It is then reduced to

V- E ) (HGS -E (5]

2
Q + r

The last expression 1s undoubtedly the value of the ring-potential at a point on
the X,-axis. The series (1,140) 1s convergent in the interior of a sphere having
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the circular ring as its equator. In order to transfer b’ into the parametric
space, we use the explicit formula

Z”P (cos ) = Zi (zn) (2&4) (rz—x:'}éx,z(n-‘}. (1,141)

From the KS-~transformation the following expressions are obtained

(1,40) X om el
(1:47) r + X’ = 2'((1’,.4— U,f) ) /"'—X’g Z(L(J_L'l" (4;) y
hence
4 2(n-2)
re 2 (—7/ )( )(M * 4l ) (e ) (i - ef o) . (1,142)

The zonal harmonles /“bblzon are thus homogeneous polynomials 1) of degree (471) in
the parameters &, . The formulae (1,140) and (1,142) establish the perturbing
potentlial in the parametric space. According to the computational program outiined
in the first lines of section 1.6.1 1t still remains to introduce the elements

q&) /% . This 1s achieved by formula (1,76) adapted to the eccentric anomaly

E = 2ws.

£ £E
U = o co8 S +/§} .sm.z . (1,143)

The equations (1,137)(1,140)(1,142)(1,143) furnish all the necessary tools for com-
puting the secular perturbations due to a perturbing body moving on a circular
orbit.

1.6.3 An example. In order to give an example of explicitly computed secular per-

turbations, we truncate the series (1,140) after 72 = /. This is only reasonable
if the particle does not closely approach the perturbing body. With this approxi-
mation we obtain from (1,142)

V= g_/_/ +2La‘[(a,"* Wiyt uﬁljl—z(“;"' e )+ ‘{’L}-//

and by (1,143) .this becomes a Fourier polynomial in E.

Working with this perturbing potential Dr. R8ssler has computed the secular
perturbations; by introduecing new quantitles, connected with the classical orbital

elements, he obtains a rather simple result.

Let (Fig. 1.4) /4, C ve pericenter and apocenter of the orbit of our particle
and £3, [ the endpoints of the minor axis. The corresponding values of the eccen-

tric anomaly are in that order

£F: 0°, 780°, ZFo°, 270°,

T711: can be proved that they satisfy the 4-dimensional Laplace equation as does
any harmonic functlon in the physical space if transfered into the parametric

space.
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consequently these 4 points have the parametric coordinates (1,443)

L(/. M o(-,/.’ ﬁ/.’ VTI(O?/..,LA/)’ %2_(—03*./6/) .

ring

Fig. 1.4. Approximate secular perturbations.

By straightforward arithmetic the altitudes X,4, X¢8+ X705 X7p are obtained from
the KS-transformation (1,44). In particular it turns out that

z z LS 2 2 z z 2,

Xig = Kee = 04—~ o — B Bt By = B, (1,144)

’fns“)‘yo"-2(“//3,'""‘2ﬁz“°%ﬂ3+“4/%) . (1,145)

The shape of the Kepler orblt may be determined by 1ts axis and 1ts eccentricity

2 2 2 2 2 2

(1,84) a = F (o) to+ oG+ X+ [0 B ) (1,146)

2 2 2 2 2 N 2 2.
(1,87) € = -ZLQ (o<, + 0 +0¢ + 00, -4~/ -4, _/34), (1,147)

its position in space by the two "inclinations"
b4 -
o=l bu-x:), = “Za (8= %10) - (1,148)
With this notation the final resutlt 1s as follows

- 3 ,
Ao, = -g %7(:%/ {(o‘e F7) 7o +[35+e .,.3—’9_';!: r(f+3e+e}—c~‘ejﬂ.}g ,
Qa,
(1,149)
— 3 .
b~ § B (2f (e el -t eeises i

The upper sign must be taken for /= /4 %4 and the lower for /= 2,3, The verifica-
tion of this result is a little tedlous but straightforward, the identities (1,78)

and (1,87)
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m+/9,—ocd/63+ x&/s_,-cx,/i, =0, ac,/!,,aoe,/sz+a<_,/g +O<¢/J4- o

being used several times. As always the elements ay,,g; are computed according to
the rules "initial conditions" of our second procedure (section 1.3.2).

In chapter 2 {ef. 2.2.5) Dr. R&ssler describes four different methods for com-
puting the motion of a satellite about the earth, taking into account the perturba-
tions by the moon and he discusses also their accuracy. The four methods are:

First method (cf. 2.2.5.2). Companion of the second procedure (section 1.3.3).
Second method (cf., 2.2.5.3). Companion of the third procedure {section 1.4).
Computation of the special perturbations of the elements of the osculatling or-
bit by numerical integration of the corresponding differential equations.
Third method {e¢f. 2.2.5.4). Analytical first-order perturbations of the elements
by double harmonic analysis (fourth procedure, section 1.5.1). In particular
secular perturbations.
Fourth method {c¢f. 2.2.5.5}. Secular perturbations according to the formulae
(1,149).
The orbit of the satellite under consideration has eccentricity 0.5 and high in-
clination with respect to the ecliptic; the very small difference between the re-
sults of the second and third methods is due to the perturbations of higher order,
the fourth method gives the perturbations of the elements with an error of only a-
bout 4%. The reason for this is not the high eccentricity or large inelination but
is simply the truncation of the Legendre series. (The ratio @:a is 7:6.).

We have not established a companion formula to (1,149) for the perturbation of
time. According to our fourth procedure, to do so would require as a prerequisite

the computation of
(1,417) Aa = p [(x), Aoy +(8), 44 ] - (1,150)

In the three-body problem the zﬂq@' and Av@- appear as series of the type
(1,128), but if these series are inserted into (1,150) the secular terms cancel out
because of the well-known fact that there 1s no secular first-order perturbation of

the axis of the osculating orbit. Thus

da = 2 a,. cis (2vew +npal)s , (1,151)

with unspecified coefficients @, ,. For the evaluatlion of the secular perturbation
(1,116) of time the constant term @,, of this series is needed; this term 1s de-~
termined by the initial condltions at instant s=0:

rd
da = o0 ’ Ry = _Z. a,, - (1,152)

Therefore all the coefficients @,, with (n,V)+ (0,0) should be known and con-
sequently also all the Fourier coefficlents of the expansion (1,139) of the per-
turbing potential are required, We recall the fact that three of these coefficients
were sufficient for establishihg the secular perturbations of the elements. This
complication makes it impossible for us to establish a formula for the perturbation
of time which is as simple as (1,149). A similar compllcation occurs in the classi-
cal theory if the perturbation of the mean anomaly is wanted.
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Not only perturbations by a third body can be computed by our analytical
theory, but also perturbations of other types as for instance that generated by the
asphericity of the earth. But in that case convergence is not so rapid because the
perturbing potential is no longer regular at the origin (center of the earth) as is

assumed 1n section 1.1.

1.6.4 An ejection orbit. In order to demonstrate the merits of regularization, we

compute In this section explicltly the secular perturbations of an ejection orbit.
(Fig. 1.5). A particle is ejected from the origin 4 into the xX,,x,-plane.

physical plane

parametric plane

Fig. 1.5. Secular perturbation of an ejection orbit.

Under the influence of the attraction of the central body (located at A ) its un-
perturbed orbit is a segment 4C with apocenter at C . Let # be the angle be-

tween thilis segment and the Xy-axls and 2a =7 the distance AC. The perturbing
Gaussian ring is stiil a circle in the X;,X3-plane with radius Q. The unperturbed
as well as the perturbed orbit are in the X, X,-plane; therefore it 1s sufficient
to take only this plane and the u,,az—pl,ane of the parametric space into consider-
ation., The correspondence between these two planes 1s given by Levi-Civita's trans-

formation (1,25)
2 2
Xym Uy~ , Xg=2U, e, ,
or in complex notation (1,153)
X = u? (k= x,+C %, , a_a,,«iu‘) .

The orbit in the parametric space 1s thus the straight line CC bpuilding the angle
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1-59 with the ¢,-axis and the parametric coordinates of the upper point ( are

” * ,
u,-—m%, al—s:nf.
As was pointed out in sectlion 1.3.4 the elements of the unperturbed orbit follow at
once from this information 1)
x, =0, x,=0, ﬁ,—cosf, A=.Sl'n£;. (1,154)

Furthermore we have according to the definitions (1,146)(1,147)(1,148)

a-zfj e:./, 0"=—Ca579’ Z - O . (1:155)

The perturbations (1,149) are now reduced to

A%,=/\'(2—5m;a—6051;a}cos£, Aﬁ,-o,

(1,156)
AoczaK(2+§co5;o—Cos";a)5:'n£, Aﬁz - O
with
v 3
/\‘_._.éﬁ(_g}E_ 1,15
8 M a ( 7)
As time goes on, the osculating Kepler orbit is thus given by (1,76)
u, - /T(Z—S'co\s;a—co.s‘}o}caszfcaszg -+ cast srhg »
(1,158)
Uy =K (2 + Scasp~cos’p)sin f cos§ + sinf sin £ .

In the &,,«,-plane the point ¢’ and the point £ with coordinates

A(2-Scosp~cosp) cos £,  A(2+ Scaspp —cos’p) sin £
are endpoints of conjugate diameters of the ellipse. In Fig. 1.5 the values

p: 600’ /r= —-0,/5

are adopted. The ellipse in the &, 4, -plane 1s constructed from the conjugate di-
ameters. The endpolints of 1ts major and minor axis are mapped onto the apo- and
pericenter of the osculating Kepler ellipse in the physical X,,X,-plane.

This example is also computed 1n chapter 2 {ef. 2.2.6) by using the fourth
procedure and double harmonic analysis. The Fourier expansion of (4¢9¢) is printed
out. Furthermore the same investigations are carried out for a clrcular unperturbed
orbit in the X,, X;-plane {e¢f. 2.2.7). The rate of convergence of the Fourier-series
is about the same for this circular orbit as for the ejection orbit.

1.7 On stabllity and convergence

In this section some remarks are added concerning the numerical stability of
the integration of the differentlal equatlons and the convergence of the Fourler-
series; we do not attempt to establish a complete analysis of this kind of problem.

1) The elements «,, ac,,,/!_”/% vanish for all the orbits under consideration.
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1.7.1__Stability of pure Kepler motion. The regularized differential equations are

(1,74) W+ W= 0, = £,2,3,4, (1,159)

where accents mean differentiation with respect to the fictitious time s defined
by
(1,47a) (4,45) Al rdls, r =S (,5.‘- . (1,160)

The four unknown functions q9(§) are subjected to glven initial conditions at
instant s=0:

4o) = (), , (o) = (&), . (1,161)

We shall now discuss the influence of errors A(@j, ,» A(«/)s in the initial
values on the calculated motion of the particle, assuming & fixed and exactly

known 1ln advance. Such errors generate errors

(1,77) Ax, — Ale,) Aﬁ, = w’ 4 (a/fjo (1,162)
of the regularized elements and thus alsc errors
(1,76) du, = (Be)cos cws + (A@,j scn s (1,163)
of the solutions of our differential equations. It follows

My )| <« |da, | + {ag| . (1,164)

Therefore the IA‘_?I are at any time smaller than a glven quantity € provided the

errors of the elements are sultably small:

£ &
|A°<J'| <z |Aﬁ/l <z -
Thus we have the result that the differential system (1,159) has the property of
strict stability.

Errors of the coordinates &, may occur at any step of numerical integration
and such erroneous values are then used as initial conditlions for the next step.

Because the true motion is strictly stable, as integration proceeds such errors do

not carry the calculated position of the particle too far away from its true posi-
tion. Thus the numerical integration of (1,159) 1s numerically stable. The classi-

cal equations of Kepler motion do not share this property, because they are not
strictly but only orbitally stable. 1) In this section we do not discuss the accu-
mulation of truncating or rounding-~off errors. Chapter 4 will be devoted to some

17The reader will recall that strict stability 1s a much stronger condition than
the more usual orbital stability. Orbital stability requires only that 1f sllghtly
perturbed, the particle follows an orbit which is very close to the unperturbed
orbit, but it may at a later time be at a position on this orbit quite different
from the corresponding position on the unperturbed orbit. Strict stability requires
in addition, that at a later time these positions are close to each other.
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It must be recalled however that the frequency & 1s determined by the ini-.
tial conditlons

(1,73) M _ %

w = 2 7 (1,165)

Consequently 1t may happen that a slightly erroneous but constant value of &« is
used at every step of integration. Instead of the true coordinates

U (s) = ot Cos ws +/65- s ws

the modified values
» ,
Uy (s) = &y cos(w+Aw)s + [ sin (wrde) s (1,166)

are thus computed, assuming for the sake of simplicity the initial values (1,161)
to be accurate. In order to facilitate the discussion we introduce a variation 4

defined by

% = ALUQ . (1:167)

Then we have

uf(s) = o cos w(Sr‘AS)-fﬁ/ sin w(lsrAs)

or
us) = (s+A4s) . (1,168)

This equation shows that the crbit is not changed at all, but the calculated posi-
tion of the particle on its orbit moves away from its true positlon on this orbit;
this phenomenon is of unstable character since A4S is proportional to . More
precisely 1t follows from (4,167) that the relative error of § 1is equal to the
relative error of « . The motion (1,159) is thus orbitally stable but not strictly
stable. Therefore & should be given with very high accuracy. By virtue of equa-
tion (1,83) this is equivalent with an accurate value of a@. As in the classical
theory the semi-major axls Q@ 1s the most important orbital element.

In practice we are faced of course with a superposition of the two phenomena
discussed above. Any errors of the position of the particle and 1ts velocities in
physical space produce indeed errors of the elements o as well as an error of
& . Nevertheless 1t must be stressed that after choice of a fixed value of w the
numerical integration of (1,159) proceeds with perfect numerical stabllity as was
pointed out in the preceding discussion. This integration 1s thus reproduceable
even 1f different numerical techniques or different automatlic computers are used.

It still remains to dlscuss the influence of erroneous initial values on the

physical time 7 if time 1s computed by
Z —/r s . (1,169)

As at the beglinning of thls section we assume a fixed and accurate value of the

38



frequency ¢J . As can be seen from (1,81) errors Aoy, A/EJ- produce a secular per-

turbation

Al - Z‘—SZ/A(oc/‘/ * A(/g‘}_/ (1,170)

of the time, hence the computation of physical time is unstable.

We 1llustrate this phenomenon-by the following very simple example of planar
motion. (Fig. 1.6). The initial position of the particle is the point (7,0) of the
Xg, Xz =coordinate system and the initial velocity 1s (O,7). By puting A7 =17 we
obtain as orbit of the particle the circle ¢ and the motion of the particle is
determined by

@ - Z, (1,171)
where ¢ is the true anomaly (potar angle) and Z the physical time. From (1,165)
it follows

) = 2’— . (11172)

X2

1 3

Fig. 1.6. Stability.

Let us assume now that an error €& occurs in the vertical component of the initial
velocity, such that the initial position (% 0) remains as before but the initial
velocity (0, 7+&€) is used. According to our assumptions the differentlial equations
(1,159) are integrated with the true value (1,172) of @ but under the erroneous
initial condlitions

(ijo - ,: (X&}u - O; ()éljo -0 » (x.l)o - ,+£ ’ (1‘173)

In order to obtain the results of this integration we compute the corresponding
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elements oy, /& . From the rules "initial conditions" of the second procedure
(section 1.3.2) we have

()= 1, (t3),~0; (p)e=0, (&) =135,

o, =7, o, = O ; B, =~ 0, fo= 1+e, (1,174)
and thus the errors of the elements are

A, =0, dex,=0 ; 48, -0, Aj-e. (1,175)

The motion of the particle in the parametric plane is now

(1,76) U, = cos ws, ;= (1r&)sin ws

and for the special value sw=22x we obtain a.,--/, ¢, = O, hence
(1,44) Xp=171, xp=0.

The particle is agaln at its initial position, this is to say at point P, of
Fig. 1.6. The corresponding value of physical time is

(1,81) t=xf1+(1+€)Y ~ 27 (1+¢).

At this instant the anomaly of the particle on its true orbit is @ = 2x(1+ &)
as follows from (1,171) and the corresponding point is denoted by 7, in Fig. 1.6.
After one revolution we have thus the error 2X'& in the true anomaly. After many
revolutions this error is multiplied by the number of revolutions and this result

demonstrates clearly the instablility of the computation of motion.

In contrast to these conslderations let us discuss now what happens if the
motion is determined by integration of the classical equations of celestial me-
qhanics. The erroneous initial conditions (1,173) put the particle on the elliptic
orbit € of Fig. 1.6. Its semi~-major axis @ is determined by

(1,86) ai-z-(f+cj"~ 7-2¢, a ~ 1+2¢

and the corresponding revolution time is according to Kepler's third law

Ya

3 3 .
7T =2ma ~ 2x(1+ 25)/" ~ 2% (1+3c) .

After this time the particle is again at initial position /Ze-e but on its
true orbit it is at position 72 corresponding to the value - 2% 7+ 3&) of
the true anomaly. In this case we have therefore after one revolution the error
62X & 1in the true ancmaly.

We may thus establish the following conclusion. In thilis example the regular-
ized method 1s characterized by a mild instapility, due to the underlying correct
value of @3 but the classical method has a sharp lnstabillty, the ratio of the two

instabilities being about 7:3.

As above we may venture to predict now the accumulation of truncation- and

rounding-off errors during a numerical integration., If regularized methods are used
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the errors of a single integration-step deteriorate as always the accuracy of the
initial conditions for the next step. But because the same fixed value of'cu is
used at each step, we may hope that the accumulation of errors is moverned by the
mild instability and is thus more favourable than for the classical differential e-

gquations. This prediction is corroborated by the numerical experiments in chapter 4
of this report.

We may summarlze these considerations as follows. Our regularized methods are

characterized by a neat separation of the computation of the orbit from the deter-

mination of the position of the particle in its orbit. This separation may be con-
sidered to be an advantage since 1t has the tendancy to stabilize the computation.

Our discussion of stabillity brings out the deeper reason for our attitude in
preferring the companions of the second and third procedure {cf. 1.3.2 and 1.4} to
the procedures themselves; in the companions the dominant part of the physical time
Z (that is the Kepler-time ZK )} is computed by an explicit formula and not by nu-
merical integration.

1.7.2  Convergence of Fourier expansions. We now proceed to discuss a very simple

example which demonstrates the advantage of expansion with respect to the eccentric
anomaly in contrast to expansion with respect to the mean anomaly. We restrict our-
selves to plane motion of the particle (Fig. 1.7). As always the central mass /™
is located at the origin and /, 1is the distance of the particle from the origin.

4
]
1
E, ¥
]
A

7Tl ¥

i
|
|

” 7797977 ” 770077777

Fig. 1.7. Convergence of Fourier expansion.

Let furthermore the particle be subjected to a conservative perturbing potential
V?fj which depends only on the distance /~ and 1s an analytic function of the
complex variable , regular for all values of /,~ satisfying

lFl < & . (1,176)
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This situation occurs for instance if the perturbing potential . is generated by a
circular Gaussian ring {cf. 1.6.2) of radius @ 1lying in the plane of motion and
centered at the origin.

On a Kepler ellipse with semi-major axis @ and eccentricity &, the distance
of the particle is

r=~a(’/-ecs£), (1,177)

hence the potential 1s transformed into an analytic function of the complex varia-
ble £ which is the eccentric anomaly. We shall now discuss the domaln of regular-
i1ty of this function. We put

E=@p+ly (1,178)

and we have accordingly

7T-ecosE=T1-e(wsp-Chy-Csinp-Shy),
where CA, SA are the hyperbolic functions. Thus

|7- ecos £]" = 1-2e cosp-Ch g + &(eos’p- Ay » sin'pp- 4 p)
=~7-2ecosp Chy + (A - sin’p) .

This expression attains its maximum value for ;o--z", this value being

T+2e Chypr+ Gy = (T e Chy)’,
hence
|7- ecos £l < 7+ ey
|rl e a(t+rechy). (1,179)

and

Let now 3, be the solution of the equation

a(f+edhy)=a, Gp=ZL(2-7). (1,180)
Tnis value 7%, does exist as a real and positive quantity if

el(_g;_//>/, a>a(’+e),

this is to say if the apocenter (and consequently the Kepler ellipse) is well in-
side the circle of radius @& described above. Assume now |§| < w,. From this
hypothesis and from (1,179)(1,180) 1t follows |l/~l< & . Thus the potential V 1is
regular in the interior of the horizontal strip (¥l < W, of the complex £ -plane.
(Fig. 1.7). Since V 1is a periodic function of £ with real period 2%, the
Fourler expansion of V with vespect to £ converges in the interior of this
strip and in particular it converges uniformly for all real values of the eccentric
anomaly £ .

Let us consider now the family of orbits contained in the interior of a c'on—
centric circle of radlus 1 &_. For any orbit of this family we have
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a(/+ej<z'5_, Gy, = E{ %—f/>2+é = 3
and W > 1.76 .

For all the orbits of the family the function V 1is thus regular in the common -
strip ly| < 176 regardless of the eccentrleity of the orbit and even for a col-
lision orbit (the segment @A 1in Fig. 1.7). The rate of convergence of the Fourier-
series of V with respect to £ 1is determined by the breadth of this strip; hence
the convergence is uniform with respect to the individuals of our family including
the collision orbit with e=7,

The situation is different 1f the mean anomaly 7 1s used as independent var-
lable, defined by the Kepler equation

m= £ —e sinf. (1,181)

In order to establish V' as a function of 7, this equation must be solved with
respect to £. This operation produces new singularities namely branch points in
the complex " -plane determlined by

d—mc f—e s £ = 0.

73
One solution é} of this equation 1s a point on the 1maginary axis of the £-plane
and the corresponding branch point m, is also on the lmaginary axls of the m -
plane., If the eccentricity e increases and approaches its limlt /, the points
E;,ni, approach the real axls of their planes. Because m, 1s a singularity of
L’ (considered as function of »m ), the Fourier expansion of V’ wlth respect to
7 will converge very poorly for highly eccentric orbits of our family and we have

no longer uniform convergence in our family.

As we can see from this example, the convergence with respect to 7 1is ex-
tremely sensitive to the eccentricity of the orbit, whereas the expansion with re-

spect to £ does not suffer from this disadvantage.

More information about the rate of convergence of such Fourier-series is a-
vailable by consulting the theory of asymptotic behaviour of the Fourler coeffl-

cients of analytiec functions.

1.8 Concilusions

We l1ist here some characteristic properties of the regularizing methods that
are presented in this report. We also compare these methods with some classical
procedures. Only the KS-regularlzatlion {(ef. 1.2.1) 1s considered.

1.8.1 General theoretical aspects.

~ Regularized methods are not sensitive to the eccentricity of the (unperturbed)
orbit, they remain efficient for collision orbits without loss of accuracy or con-

vergence,
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= The differential equations of a pure Kepler motion are linear. This incorpo-
rates the theory of perturbed motions into the well-explored realm of forced oscll-
- lations with non-linear restoring forces; discussion of stability and error propa-
gation is thus facilitated.

- Because the coefficients of these linear differential equations are constant,
the methods of "perturbations of coordinates" and "perturbations of elements" are
practically equivalent in contrast to the classical approach.

- The regularized orbital elements are unambiguously defined even for a collid-
ing osculating orbit and determine this orbit unambiguously. They obey a simple set
of differential equations. But since there are 8 such elements and since the ficti-
tious time $§ 1s introduced, a system of 9 or 10 first order equations must be in-
tegrated. The classlcal theory uses only 6.

1.8.2 General perturbations (Double Fourler expansion).

- In all our experiments the rate of convergence of the Fourler-series was not
appreciably influenced by the eccentricity of the osculating orbit; in particular
it was for ejectlon orblits as well as for nearly clircular orbits.

- However the formal apparatus 1s slightly more complicated than in the classi-
cal Lagrange theory. In particular, the theory of the osculating orbit was devel-
oped only for the case of a finite semi-major axis. (No parabolic or hyperbolic

osculating orbits).

1.8.3 Numerical aspects.

- The use of the fictitious time § causes a modification of the step length of
integration which gives a "slow motion plcture" of the particle's motion in the vi-
cinity of most sharp bends in the orbit and, in particular, when the particle is
near to the attracting center. This property 1s advantageous for the computation of
transfer orbits from one celestial body to another.

- However, because the physical time z appears as a function of the independ-~
ent variable §, the computation of particle's positlon at a given time £ is only
feasible by interpolation.

~ In our numerical experiments we always used the Runge-Kutta method for inte-
gration of differential equations. Error propagation was more favorable by far for
the regularized computation of the coordinates X; (pure Kepler motion) than for
the integration of the classical equations

5 =1L x,

(Cowell's method). With high probability this statement will remaln true for per-
turbed orbits and if elements instead of coordinates are used.

- Consequently a larger step may be used than for classical integration. This
advantage outweighs the increase of numerical labor due to the transformation of
coordinates and time and the higher number of differential equations required by

regularized methods.
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- Therefore regularized methods may be more economical than classical ones, in
particular if there is hlgh eccentricity. This prediction was corroborated by ex-
periments of Dr. Réssler {cf. 2.1.6). He computed the perturbations Ax; of the
coordinates:

1. By our second procedure {cf. 1.3.2).
2, By Encke's method {6, page 176].

- There are more refined methods for numerical integration than Runge-Kutta (for
instance Fehlberg's method). If they need the derivatives of the perturbing forces,
regularized methods are not advantageous, since the transformations lnvolved in
regularization complicate the computation of such derivatives.
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2. COMPUTATIONAL, PROGRAMS FOR SPECIAL AND GENERAL PERTURBATIONS

WITH REGULARIZED VARIABLES

by M. Rbssler

2.1 The program NUMPER ("numerical perturbations")

This program (Appendix 2.1) is a synthesis of the companion procedures of the
second and third procedure described 1n sections 1.3.3 and 1.4. As perturblng force
only the gravitational influence of a third body 1is taken into account; for other
perturbing forces a speclal subroutine must be built in by the user. The motion of
the perturbing body is either assumed to be an unperturbed Kepler ellipse or it can
be given by an ephemeris. In the latter case interpolation is carried out by La-
grange's formula. Numerical integration is performed by the Runge-Kutta method.

2.1.1 List of symbols. The program is written in ALGOL 60, therefore some modifi-

cations of the symbols used in chapter 1 are needed.

real
TO = instant of physical time attached to the given initlal conditions.
H = total energy h of the particle per unit of mass at time TO (only
needed for ejection or near-ejection {cf. 1.3.4)).
M = gravitational parameter of the central body (product of gravitational

constant and mass).
X1,X2,X3 = coordlnates of the particle in physical space.
R = distance of the particle from the central body in physicél space.
v1,V2,V3 = components of velocity of the particle in physical space.

v = magnitude of velocity of the particle in physical space.

OM = w {cf. (1,73)).

1 = % Z((uj):"’ (B,):) , C2= % Z((“j).z— ([3,-).1 ), €3 = Z(O‘j).(Pj). )
where (&), and (f;), are the elements of the initial osculating
Kepler orbit (cf. second procedure of chapter 1).

MP = gravitational parameter of the perturbing body.

XP1,XP2,XP3 = coordinates of the perturbing body.

hP = distance of the perturbing body from the central body. i

VP1,VP2,VP3 = components of velocity of the perturbing body.
VP = magnitude of velocity of the perturbing body.
OMP = angular velocity of the perturbing body to be computed by the following
modification of formula (1,73)
OMP12 = (M+MP)/RP/2-VP#VP/4 ,

where RP and VP are initial distance and velocity.
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CP1

T Y_(s5+p'), cre- %‘Z(E’_‘:‘ ﬁ,-") ! cP3 = ) &f ,

where &; and [?, are the elements of the Kepler orbit of the per-
turbing body. '

The symbols in square brackets above and in what follows are only needed if the

perturbing body moves in a pure Kepler orbit.

TBEG
DTTAB
TFL

initial instant of the ephemeris of the perturbing body.
step of the ephemeris.

scaling factor for adaption of the unit of length 1n the ephemeris to
the unit of length in the program. (The coordinates XP1,XP2,XP3 are
obtained by multiplying the rectangular coordinates of the ephemeris
by this factor.)

The symbols in curly brackets above and in what follows are only needed if the

motion of the perturbing body is given by an ephemeris.

P1,P2,P3 = components of the perturbing force in physical space.

SUM

A
DR

DS
TMAX
S

SP
T

integer
N

NTAB
NDEG

NOUT

boolean

E qjuf » where qj and uf are the components of the perturbing
force and the veloclty in parametric space.

semi-major axis of osculating orbit (only needed if the third proce-
dure is used (cf. 1.4)).

Ar = perturbation of the distance of the particle from the central
body (only needed if the second procedure is used (ef. 1.3.3)).

step of Runge-Kutta integration (fictitious time).
integration limit (physical time).

fictitious (regularized) time of the particle.
fictitious time of the perturbing body.

physical time.

number of differential equations to be integrated (for N = 10 the
companion procedure of the second procedure 1s carried out, and for
N = 9 the companion of the third procedure).

number of entries in the ephemeris, diminished by one.
degree of the Lagranglan interpolation polynomials.
after NOUT Runge-Kutta steps the physical time, coordinates and veloci-

ties and the perturbed elements of the particle are computed and
printed out.

NEARCENTRE : if true, the particle is assumed to start very near to the origin

array

or exactly at the origin {c¢f. 1.3.4), then the value of H is needed,
and V4,V2,V3 may be put in with an arbitrary scaling factor, so that
they indicate only the direction of initial veloclty,

if false, normal initial conditions as described 1in the second

procedure.

ALO,BEO[1:4] = (550, ,(ﬁﬁ. = elements of the initial osculating Kepler

orbit.
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AL,BE[1:4] = &j, B = perturbed elements (varying with time).

U,DUDS[1:4] = uj, uj' = parametric coordinates and velocities of the parti-
cle.

ALP,BEP[1:4] = ;, [?, = elements of the perturbing body. 1

UP[1:4] = parametric coordinates of the perturbing body.

[TAB[1:3,0:NTAB] = coordinates X (t,) of the perturbing body taken from the )
ephemeris.

1LAM[O:NDEG] = lk = coefficients of Lagrange's interpolation formula. r'

LFCT[1=3] = X(t) = interpolated coordinates of the perturbing body. j

DEL[1:N] = either ( Ao, ABj, At, W ) if ghe second procedure (N = 10) is
use

or (A«j, AB;, At ) if the third procedure (N = Q) is used,

where Ao;, AB; = perturbations of the elements, At = pertur-
bation of time and W = work done by the perturbing force.
Ql1:4] = components of the perturbing force in parametric space.
G[1:N] = right-hand sides of the differential equations.

2.1.2 Underlying formulae.
2.1.2.1__Initial conditions of the particle at instant T - TO :

a) NEARCENTRE = false (normal initial conditions).
Given: initial position X1,X2,X3 and initial velocity Vi1,Vv2,V3. We compute im-

mediately w and the elements (oﬂj)., ([3,-), , choosing uW,= 0 or u, =0
{cf. (1,47)), thus

R := SQRT(X1#X1+X2*X2+X3#X3); (2,1)
if X190 then )

ALO[1] := SQRT((R+X1)/2); ALO[2] := X2#ALO[1]/(R&X1);

ALO[3] := x3#ALO[1]/(R+X1); ALO[4] := O;

else g (2,2)

ALO[2] := SQRT((R-X1)/2); ALO[1] := X2*aLo[2]/(R-X1);

ALO[3] := 0; ALO[4] := X3#ALO[2]/(R-X1);
V 3= SQRT (Vi#V1+V2#V2+V3#V3); (2,3)

OM := SQRT(M/R/2-VeV/4);
BEO[1] := ( ALO[1]#V1+ALO[2]#V2+ALO[3]#V3)/0M/2;
BEO[2] := (-ALO[2]*V4i+ALO[1]#Va+ALO[4]#V3)/0M/2;
BEO[3] := (-ALO[3]#*Vi-ALO[4]=*v2+ALO[1]#v3)/0M/2;
BEO[4] := ( ALO[4]#Vvi-ALO[3]+#v2+ALO[2]#v3)/0M/2;
b) NEARCENTRE = true (start near the origin or exactly at the origin).
Given: H,X1,X2,X3 and V1,V2,V3 down to an arbitrary scaling factor. We compute
R as in (2,1); OM := SQRT(-H/2); V as in (2,3);
if R=0 then
ALO[1] := ALO[2] := ALO[3] := ALO[4]
1f V430 then
BEO[1] := SQRT((V+V1)#*M/v)/0oM/2; BEO[2] := V2+BEO[1]/(V+V1);
BEO{3] := V3#*BEO[1]/(V+V1); BEO[4] := 03

else

(2,4)

v
o
L1}
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BEO[2] := SQRT((V-v1)*M/Vv)/oM/2; BEC[1] := Va#*BEO[2]/(V-V1);
BEO[3] := 03 BEO[4] := V3#BEO[2]/(V-V1);
else
ALOo[4],ALO[2],ALO[3],AL0[4] according to (2,2);
true magnitude of veloclty VC from
VC := SQRT(2#M/R-4%0MeOM);
BEO[1],BE0[2],BEO[3],BEO[4] according to (2,4), but with the
true velocities V1/VeVC,V2/VaVC,V3/VeVC instead of V1,V2,V3.
In all cases we also compute
C1 := ( ALO[1]12+aALoO[2]12+ALO[3]t2+ALO[4]12+BEO[1]12+BEO[2] 12
+BEO[3] t2+BEO[4]12) /2;
c2 := ( ALo[1]12+ALO[2] t2+ALO[3]12+ALO[4]12-BEO[1]t2-BEO[2]12 (2,5)
-BEO[3]12-BEO[4]12)/2;
C3 := ALO[1]#BEO[1]+ALO[2]«BEO[2]+ALO[3]#BEO[3]+ALO{4]#BEO[4];

Elements of the orbit as in 2.1.2.1 a), but replace X1,X2,X3 by XP1,XP2,XP3;
v1,V2,V3 by VP1,VP2,VP3; ALO[41:4],BEO[1:4] by ALP[1:4],BEP[1:4]; OM by OMP and
M by M+MP. Finally compute CP1,CP2,CP3 as in (2,5), but replace ALO[1:4],BEO[1:4]
by ALP[1:4],BEP[1:4].
Computation of the coordinates of the perturblng body at any time T:
Solve the following Kepler equation with respect to SP
T-TO = SP*CP1+SIN(2#0MP#SP)/OMP/2#CP2+(1-COS(2*0MP=+SP))/0MP/2#CP3;
(In the program the solution of this equation 1s performed by Newton's method,
taking as initlal guess 8P := (T-TO)/CP1-CP3/CP1/0MP/2).
for J := 1,2,3,4 do UP[J] := ALP[J]*COS(OMP*SP)+BEP[J]#SIN(OMP=SF);
XP1 := uP[1]t2~up[2]+2-UP[3] t2+UP[4]12;
XP2 := 2#(UP[1]»UP[2]-UP[3]«UP[4]);
XP3 := 2#(UP[1]#UP[3]+UP[2]#UP{4]);

Lagrange interpolatlon coefficients Py G1f(a) , where n = NDEG, k running
from O to NDEG. In the program these coefficients are computed by recursion. At a
given instant T the coordinates FCT[1:3) of the perturbing body are computed by
Lagrange's formula; the program chooses the tabular values to be used for this pur-
pose.
2.1.2.4__Right-hand sides G[1:N]_of the differential eguations:
(For any value of the independent variable S and the corresponding array DEL[1:N]).
2= TO+C1#S+C2#SIN(2#0M=3)/0M/2+C3#* (1-COS(2#0MxS) ) /0M/2+DEL[9] 3
for this time T compute the position XP1,XP2,XP3 of the perturbing body ac-
cording to section 2.1.2.2 or 2.1.2.3.
Perturbed elements: AL{J] s= ALO[J]+DEL[J];
BE[J] := BEO[J]+DEL[J+4];
Parameters of the particle: U[J] := AL[J]#COS(OM#S)+BE[J]=SIN(OMxS);

(7 := 1,2,3,4)

Parametric velocities: DUDS[J] := OM#(~AL[J]#SIN(OM#*S)+BE[J]*COS(OMxS));
Distance of the particle from the central body: R := U[1]t2+u[2]t2+U[3]12
+Uf4]12;
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Coordinates of the particle: X1 := U[1]t2-U[2]*2-U[3]12+U[4]12;
X2 3= 2#(U[1]#U[2]-U[3]#U[4]); X3 := 2« (U[1]+U[3]+U[2]U[4]);
Computation of the perturbing force:
DEN1 := ((X1-XP1)12+(X2-XP2)12+(X3-XP3)12)11.5;
DEN2 := (XP112+XP212+XP312)11.5;
in physical space: P4 := -MP*((X1-XP1)/DEN1+XP1/DEN2);

P2 1= -MP#((X2-XP2)/DEN1+XP2/DEN2);

P3 := -MP#((X3-XP3)/DEN1+XP3/DEN2);

in parametric space: Q[1] := 2+( U[1]+P1+U[2]#P2+U[3]#P3);
Q2] := 2#(-U[2]#P1+U[1]#P2+U[4]*P3);

Q3] := 2#(-U[3]#P1~-U[4]«P2+U[1]#P3);

Q4] := 2#( U[4]#P1-U[3]*P2+U[2]#P3);

Computation of SUM = ) gq;uf
SUM := Q[1]+DUDS[1]+q[2]»DUDS[2]+Q[3]#DUDS[3]+Q[4]=DUDS[4];
if N=10 (companion of the second procedure) then
G[J]  := -(BR*Q[J]+2+DEL[10}+U[J])/OM/4»SIN(OM*S)};
G[J+4] := (R*Q[J]+2+DEL[10]#U[J])/0M/42COS(OM*S);
Computation of the perturbation of distance DR:
DAL2 .:= (2#ALO[1]+DEL[1])«DEL[1]+(2#ALO[2]+DEL[2])*DEL[2]
+(2#ALO[3]+DEL[3] )#DEL[3]+ (2#ALO[4]+DEL[4] ) #DEL[4];
DBE2 := (2#BEO[1]+DEL[5])#DEL[S]+(2«BEO[2]+DEL[6])#DEL[6E]
+(2#BEO[3]+DEL[7] )+DEL {71+ (2#BEO[4]+DEL[8] )#DEL[8];
DALBE := ALO[1]*DEL[5]+BEO[1]+DEL[1]+DEL[1]*DEL[5]+ALO[2]4DEL[6]
+BEO[2] «DEL [2]+DEL [2] +DEL [6]+ALO{3] #DEL [7]+BEO[3] «DEL [3]
+DEL [3] *DEL [7]+ALO[4 ] «DEL [8]+BEC[4 ] »DEL [4 ]+DEL [4 ] «DEL{8] ;
DR := (DAL2+DBE2)/2+(DAL2-DBE2)/2¢C0S (2#0M*S )+DALBE*SIN (2#0MxS);
G[9] := DR;
G[10] := suM;
else (companion of the third procedure)

(J := 1,2,3,4)

semi-major axis A of the osculating orbit:

A := (AL[1]t2+AL[2]t2+AL[3]12+AL[4]12+BE[1] 12+BE[2] t2+BE[3]12+BE[4]12) /2;
G[J]  := -A/C1#»(ReQ[J]+DUDS[J] »SUM/OM/OM) /OM/4#STN (OM*S) ;
G[J+4] := A/Ci%(RQ[I]+DUDS[J]=SUM/OM/OM)/0OM/4+COS(OM=S);
c[9] t= SQRT(A/C1)*R- (C1+C2#COS (2#0M#S)+C3#SIN (2#0MxS) ) ;

(J := 1,2,3,4)

DEL[J]' = G[J]; (J = 1,...,N)
(where the accent means differentiation with respect to 8).

Integration is performed by a Runge-Kutta subroutine.

2.1.2.6__Output_formulae:

T,X1,X2,X3,AL[4:4],BE[1:4] as computed in 2.1.2.4.

Velocities of the particle in physical space (if R#£0):

if N=10 then V1 := 2/Rx(U[41]+DUDS[1]-U[2]+DUDS[2]-U[3]+DUDS[3]+U[4]*DUDS[4]);
V2 3= 2/Rx(U[1]#DUDS{2]+U[2]#DUDS[1]-U[3]+DUDS[4]~U[4]+*DUDS[3]);

V3 := 2/R#(U[1]aDUDS[3]+U[2]«DUDS[4]+U[3]#DUDS[1]+U[4 ]J#DUDS[2]);
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else compute V4,V2,V3 as for N=10, but with the factor
2/R#SQRT(C1/A) 1instead of 2/R.
if N=10 then the left- and right-hand sides of the equation (1,97)

ReDEL[10] = 2e0M12# ( (2#ALO[1]+DEL[1] )#DEL{ 1]+ (2#ALO[2]+DEL [2] )#DEL[2]
+(2#ALO[3]+DEL [3] ) #DEL [3]+(2#A10[4 ] +DEL [4] ) #DEL [4 ]+ (2#BEO[1]+DEL [5] ) #DEL[5]
+(2#BEO[2]+DEL [6] ) #DEL [6]+ (2+BEO[3]+DEL [7] ) #DEL [ 7]+ (2#BEO[4 }+DEL [8] ) *DEL [8] )

are computed and printed out as check.

2.1.3 Input and output. Because ALGOL 60 does not inciude input and output, the

following description refers to our experiments on a Control Data 1604-A computer

(8l1.

AT first the units of length, mass and time must be chosen; they are arbitrary. The
Input 1s listed on punched cards in the followlng sequence, with the values belng
legal ALGOL numbers (arbitrary signed or unsigned, decimal or exponent notation),
except for the boolean variable NEARCENTRE, where the value must be a plus (=fa1se)
or a minus (=true) sign. Each value must be followed by a comma; the number of val-
ues per card, the length of the numbers, and the number of spaces are arbitrary.

Symbol used

in the program input

N Set =10, if companion of the second procedure is desired,
set = 9, if companlon of the third procedure is desired.

NEARCENTRE Set true or false according to the rules outlined in the
list of symbols.

T0 Initial time.

[H Value of initial energy, only to be set if NEARCENTRE=££Eg]

M Gravitational parameter of the central body.

X1,%X2,X3 Initial coordinates of the particle at time TO.

vi,V2,V3 Components of initial velocity of the particle at time TO.

(Observe modification indicated in the list of symbols if
NEARCENTRE=true).

MP Gravitational parameter of the perturbing body.

NTAB Set =0, if the perturbing body is moving in a pure Kepler
orblt with given initial data.
Set =NTAB (as described in 1lst of symbols), if the motion
of the perturbing body 1is taken from an ephemeris.

Aif NTAB=0 then

kP1,XP2,XP3 Initial coordinates of the perturbing body at time TO. 1

VP1,VP2,VP3 Components of velocity of the perturbing body at time TO.
else

@DEG Degree of the Lagrange polynomials for interpolation in

the ephemeris.

TBEG Initial instant of the ephemeris.

DTTAB Step of the ephemeris.

TFL Vatlue of scaling factor.
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TAB[1,0],TAB[2,0],TAB[3,0]
§ ‘ Taken from the ephemeris.
TAB[1,NTAB], TAB[2,NTAB], TAB[3,NTAB]

DS Step of integration.
NouT Set according to the list of syﬁbols.
TMAX Approximate last time of wanted parti-
cle position.
Remarkss
a) Choice of DS: An appropriate step T 1in physical time is chosen, and DS com-

b)

c)

puted from DS = %JT s where r 1s the medium distance expected during the un-
perturbed motion of the particle.

If initial data are of parabolic or hyperbolic type, the machine gives a red
light.

If the Information delivered by the ephemeris is not sufficient to carry out the
Lagrange interpolation, the machine gives a red light.

Therefore at least % NDEG tabular values should be available before the start of
particle TO and after its wanted end position TMAX.

For checkling purposes some of the Input data as well as some other important quan-

tit
1.)

4.)

5.)

ies are printed out immediately in the followlng order.
if N=10 (second procedure) then the baslc rule of regularization is printed out
DT = ReDS,
else (third procedure) the corresponding rule
DT = SQRT(A/AO)=RaDS,

1s listed.
TO and M are printed out.
Information concerning the particie (referred to as "satellite”): initial coor-
dilnates and veloclities and perhaps energy (different versions depending upon,
whether NEARCENTRE=true or =false), semi-major axis, eccentricity and period of
revolution corresponding to the unperturbed orbit.
Information concerning the perturbing body:

if NTAB=O (pure Kepler orbit) then mass, initial coordinates and velocitles,
semi-majJor axls, eccentricity, period of
revolution,

else (ephemeris) mass, ephemeris adapted to the
unit of length used in the program.

Step of integration DS and value of NOUT.

The results of the integration are listed as follows

st
nd

columns: physical time T.
column: physical coordinates X1,X2,X3 of the particle.

3rd columns: components of velocity Vi1,V2,V3 of the particle. (If collision occurs,
the components indicate only the direction of velocity, because the
magnitude of the velocity is infinite.)
4% corumn: perturbed elements ALPHA[J].
= 4
Bth column: perturbed elements BETA[J]. (5 =1,2,3,4)
If N=10 (second procedure), a 6th column is printed out containing in the first
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1ine the quantity rW = ReDEL[10] of equation (1,97) and in the sec-
ond line the right-hand side of that equatlon. This 1s the energy check.

2.1.4- Description of the program NUMPER. We give a rough description of the parts
of the program. The followlng numbers of the parts correspond to the numbers on the

left-hand border of Appendix 2.1.

part

part

part

part

part

part

part

part

part

part

part

part

part

part
part

12

2:

Declarations of the quantities under consideration. NFCT is later replaced
by 3.

procedure REGEL: computation of the regulariéed initial elements taking
into account the different modifications (NEARCENTRE = true or = false),
computation of the auxiliary quantities C1,C2,C3.

The same procedure is used for computing the elements of the perturbing

body 1f assumed to move iIn a Kepler orbilt.

Read in of most of the data. Activation of procedure REGEL with respect to
the particle.

Some declarations; CS and SN are symbols for cosine and sine, VF is an
auxlliary varilable,

procedure LAINTAB determines the set of tabular values of the ephemeris to
be chosen for interpolation at a given time T and carries out this inter-
polation. We do not explain this procedure in detail because 1t is a

standard interpolation routine.

- procedure RK1ST 1s the standard Runge-Kutta routine of fourth order.

H is the step.

procedure F is the computation of the right-hand sides G[1:N] of the dif-
ferential equations. This procedure runs until the end of part 11.
Coordinates of the perturbing body if assumed to move on a Kepler ellipse.
This part includes the solution of the Kepler equation by Newton's method.
Coordinates of the perturbing body 1f an ephemeris 1s usedj; procedure
LAINTAB is activated.

Computation of the coordinates of the particle and of the perturbing force
in physical and parametric space.

Right-hand sides G[1:10] of the differential equations, if N = 10 (2nd
procedure).

Right-hand sides G[1: 9] of the differential equations, if N = 9 (Brd
procedure).

Read in of the remaining data concerning the perturbing body. Computation
of either the elements of the perturbing body (activation of REGEL) or the
LAM[O:NDEG] .

Computation of the output data: ﬁhYsical time, coordinates and velocities
of the particle, values of the elements at the time under consideration,

as was explained in 2.1.3.2.

¢ Integration toop.

Information if errors occur.
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Remarks:

For input and output the special procedures READ and OUTPUT and the declaration
format, which are not included in ALGOL 60, are used repeatedly as is the custom on
our Control Data 1604-A system. Details about these input - output facilities can be
found in the referéence [8]. Appropriate adaptions must be made if the program is

used on another computer.

2.1.5 First numerical example: Perturbations of a highly eccentric satellite orbit

by the moon. (Appendix 2.2).
2.1.5.1 Program:

The following version of program NUMPER (cf. 2.1} was used.

N = 10 (companion of the second procedure {cf. 1.3.3}),
NEARCENTRE = true (start of the particle near the centre of the earth),
NTAB £ O (motion of the moon given by ephemeris).

Attracting centre = earth, at the origin of the x,,x,,X; -system,
particle: unperturbed orbit = ellipse in the x, x; -plane with high eccentricity,
perturbing body = moon, orbit taken from the ephemeris [O].

Length: 1 km, mass: 1 kg, time: 1 mean solar day.
‘ne gravitational parameters are M = 2.965621833'1015, MP = 3.637460852'1013.

TO0 = 0O,

H= . 1010, corresponding to the semi-major axis 148 281.09165 .

{x1,X2,x3) = (10 000,0,0),

divection of initial veloeity (V1,V2,Vv3) = (0,0,1).

This initial position 1s the pericentre of the unperturbed orbit. The eccentricity
is 0.932560518 and the period of revolution 6.58795532 .,

2.1.2.3__Ephemeris of the moon:
The x,,X, -plane 1s the equator of the earth corresponding to the epoch 1966.0 .
The ephemeris gilves XP1,XP2,XP3 with an accuracy of 7-8 decimals and with a time-
step of 0.5 days. The unit of length of the ephemeris is the mean radius of the
earth, thus TPFL = 6 367.672608 .

We choose NTAB = 32, NDEG = 6, TBEG = -3, DTTAB = 0.5 .

The initial time TO = O 1is the date 243 8941.0 J.D. (= Jan. 4.0, 1966) of the

orliglnal ephemeris.

2.14.5.6__Parameters_of integration:

DS = 10"6 (approximately 45 steps per revolution),
NOUT = 1 ,
TMAX 10 (approximately 1.5 revolutions).

For this satellite the influence of the moon is the most important perturbation.
The unperturbed orblt is well outside the atmosphere and in the interior of the
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moon's orbit. In Fig. 2.1 corresponding positions of the particle and of the moon
are indicated (step = 1 day of physical time).

The results are listed in Appendix 2.2. The perturbed orbit is plotted in Fig. 2.2
with the points indicating the equidistant values of S. The physical time corre-
sponding to each point 1s indicated. From this plot the automatic regulation of the

Step length performed by the fictitious time can be seen (near the peri- and apo-
centre the points are much denser than elsewhere).

A smaller integration step does not pay off, because the error produced by the
ephemeris then becomes dominant. However, the integration with a smaller step would
improve the baiance of the energy equation.

After the first revolution, the satellite has lost about 1.9% of its initial energy,
causing i1ts pericentre to move closer to the earth.

2.1.6 Comparison with the classical method of Encke. In order to explain briefly
Encke's method, we introduce the following notations:

X, r = coordinates and distance of the particle in the perturbed orbit,

Xik, Tk = coordinates and distance of the particle in the unperturbed Kepler
orbit,

Axi = xi~x , Ar=r-rg = perturbations,

Sal Id = coordinates and distance of the perturbing body,

M ,F& = gravitational parameters of the central and the perturbing body re-
spectively,

¢ = distance of the particle from the perturbing body.

The classical differential equations for the Ax; are
A.;C = M (xiK - xiK+Axi) —_ r\_/' (EJJS"'_AXA__YL + le) (2 6)
i e (rK+Ar)’ Q3 H ’ ’

and the independent variable is the physical time t .

In the following examples elther a constant step was chosen or an automatlc step
regulation was put into operation. Integration was performed by writing the differ-
ential equations (2,6) as a system of six simultaneous equations of first order and

using the same Runge-Kutta method as in the program NUMPER.

2:1.6.1__Second numerical example:

Perturbatlions of a highly eccentric satellite orbit by the moon. Unlts: km, kg, day.
M = 2.9800083-107°, ™ = 3.6656343-10">. Initial conditions: satellite on the
positive X, -axls at distance 10 000 km, initial velocity parallel to X, -axis of
magnitude 750 000 km per day (eccentricity of the unperturbed orbit e as 0.89).
Moon on a circular orbit of radius 384 400 km in the x,,X, -plane; initial posi-
tion on the positive x4 -axis. .

For t = 3.1841455 days (about one revolution) the followlng results were obtained.
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Table 2.1. Comparison of NUMPER with Encke's method for highly eccentric orbit.
number step length DS
method of steps At resp. : X4 X X3

NUMPER . 2 DS = 2-10_2 60.00 35 379.12. -33 888.55
. 8 5°10_¢ 80.08 35 400.52 -33 911.38
40 1+10 7 80.99 35 400.52 =33 911.34
200 2:10" 80.99 35 400.52 =33 011.34
Encke 16 At = 0.2 26.47 62 365.72 -37 286.08
constant step 64 0.05 15.58 22 144 .64 -36 560.63
319 0.01 81.03 35 439.95 -33 960.81
1593 0.002 80.99 35 400.74 -33 911.40
Encke 46 0.1523 At 30.0047 81.00 35 404.30 -33 915.00
regulated step 103 0.152 0.00119 80.99 35 400.64 -33 911.33
272 0.038 0.00059 80.99 35 400.50 -33 911.35
356 0.025 0.00040 80.99 35 4006.52 =33 911.35

Conclusions: The Encke-method with constant step needs at least 1593 steps to ob-
tain the accuracy of 8 steps of the regularizing method and can therefore not be
recommended. With automatic step regulation the corresponding number of Encke-steps
is reduced to about 100. Although one step of the regulafizing method needs about
3 times as much computing time as an Encke-step, the regularization does accelerate

greatly the computation of the orbit.

2.1.6.2__Third numerical example:

Perturbations of an almost clrcular satellite orbit with high inclination. Units
and masses as in the second example. Initial conditions: satellite on the positive
Xy -~axis at distance 75 000 km, 1lnitial velocity parallel to x, -axis of magnitude

200 000 km per day (eccentricity m 0.007). Moon as in the second example.

For t = 3.0176050 days (about one revolution) the following results were obtained.

Table 2.2. Comparison of NUMPER with Encke's method for a nearly circular orbit.
number step tength DS,
method of steps At resp. X4 Xa Xy

NUMPER 2 DS = 21072 -6.31 75 162.85 -7 502.45
8 5'10_6 4.37 75 171.71 -7 510.35
40 1'10_7 4.34 75 171.72 -7 510.34
200 2+10 4,34 75 171.72 -7 510.34
Encke 16 At = 0.2 4.33 75 173.26 -7 508.02
constant step 61 0.05 4 .34 75 171.72 -7 510.33
302 0.01 4,34 75 171.72 -7 510.34
1509 0.002 4.34 75 171.72 -7 510.34

Conclusions: Because the unperturbed orbit is almost a clrcle, an automatic regula-
tion of the Encke-steps would not give an improvement worth mentioning. Therefore

a constant step was chosen, making the Encke-method as fast as possible. Four Encke
steps give about the same accuracy as one step of the regularizing method, and the

corresponding machine times are almost the same.

Remark: The program NUMPER will also be used in sections 2.2.5.2 and 2.2.5.3,
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2.2 The program ANPER ("analytical perturbations")

This program (Aggendix 2_.3) computes the first-order perturbations of the ele-
ments o, B; (j=4,2,3%) (osculating Kepler orbit) and of the physical time t
according to section 1.5 (fourth procedure) of this report. It takes only into ac-
count the perturbations by a third body assumed to move on a pure Kepler orbit. The
perturbations are evaluated by double harmonic analysis. '

2.2.1 The independent variables. Instead of the variables s,s, used in the theo-

retlcal analysis of section 1.5, we introduce modified variables which are better
adapted to numerical computation. Let E be the eccentric anomaly of the particle
on its unperturbed orbit and E, the initial value of E . By taking (1,87) into
account, we have

E = E, + 2ws . (2,7)
Thus the definition of s, 1n section 1.5.2 is modified to read
5 a.
s = G (E-E)

a, 1s related to the mean angular velocity m of the particle by (1,84)(1,85);
therefore

s, = %—(E—E,) : (2,8)

As can he seen from (1,129), the integrands { now have the period 2% in both of
the variables E and s, . This property still holds true if any constant is added

Lo s, 3 thus Instead of s, we may use the variable
E. = &HE~+c (2,9)

where ¢ 1s a constant to be determined in the following. We introduce for this
purpose the mean anomalies m,m of our bodles as well as their initial values

m,, M, . We can write

m = m,+at = m.+,u-’%’-‘:- = '&',+%(E—esinE)--’€im.‘
m o= (ﬁ.—-/ém,)—C*-E.,-%-e sin E . (2,10)

e is the eccentricity of the particle'’s orbit, and Kepleris equatlion has been in-

serted. We choose now c = ﬁ.—-% m, jthen (2,9)(2,10) are reduced to

E.= LGE+ (m-&m) (2,11)

o= E4—-fEAesinE . (2,12)
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As follows from the last equation (2,12), this choice has the advantage that E,

is, apart from a pure periodic term, the mean anomaly of the perturbing body. As in
the theoretical section 1.5 the dynamic situation is determined by the two inde-

pendent variables E, E., , because any choice of E determines the position of the
particle and then any chosen value of E, ylelds by (2,12) the mean anomaly of the
perturbing body. With respect to either of the two variables E,E4 the fundamen-
tal perlod is 2¥ and is divided into 2N equal parts for performing the harmonic

analysis.

2.2.2 The elements. In order to facilitate the comparison of the regularized com-

putations with classical results, we introduce the elements corresponding to the

pericentres of the two orbits; however, the initial positions of the two bodies re-
main general and are allowed to be different from the pericentres. From (1,76) and
(1,87) the coordinates of the particle at instant t = s= 0 are obtained as fol-

lows
(W), = () cos % + (B)q sin %’- ,
(2,13)
), = w ~[— ()e sin%l+ (B;)e cos %] ,

where (ojlg , (B;)a are the elements corresponding to the pericentre of the oscu-
lating orbit at instant %t = 0 (the subscript R is meant to signify "reduced to
the pericentre"). By solving (2,13) with respect to the reduced elements we have

e = (u) cos%z ~ 2 (), sin Ee (B = {u)e sin%—'— + 2 (u), cos%‘ , (2,14)
and
(1,87) Z(O(j)g (ﬁj)g =0

J=

The same reduction is performed for the perturbing body by introducing the reduced
elements

— —_ E. — E. = _ . E. 4 3

(K = (&), cos == — % (G sIn—Ei'- , B = (&), sm%—l + = (T@), cos%’- . (2,15)

ANPER computes the perturbations Ao ,Af; of the reduced elements (o;)a, (Bj)s
according to the formulae {cf. fourth procedure, section 1.5.1.)

E E
= -4 - E N E
Aoy = 2ok EIF_; sin5 dE , AR = Zw‘EIE' cos 5 dE
® L]

It computes also the perturbation of time {ef. (1,116))

E

At = 2 [(Ar+ 35 -Aa)dE

Any of the eight perturbations of the elements appears in the form of a double

Fourier polynomial with a secular term

60



(2,16)

-d M=
¢ (E-E,) + i [a.,,, cos(vE +nE,) + by, sin (vE+ nE.)]
¥s0 nu-N+4
the coefficients ¢, Qyn, byn are printed out. This formula 1s analogous to
(1,128a). The perturbation of time Al appears in a more complicated form

c (E~-E,) + ¢, (E cosE ~ E, cos E._) + ¢y (EsinE - E,sinE,)
N-4 N- (2,17)
+ Z [av,, cos (vE + nE,} + byy sin (VE + nE4)] .

V=0 ns-N+d
As above, 2N is the number of grid points of the harmonic analysis. All these nine
perturbations vanish for t=0 , that is to say for E = E, .
ANPER performs also the summation of the Fourler-series for a given value of E ,
and the perturbed elements (e«jlg+ Aw; , (B;), + ABj as well as the perturbed time
tx + At are printed out. The coordinates of the particle - if needed - could be
computed by hand as follows

uj = [(oc,-),1 + Ao(j] - cos % + [([3,-).‘1- Api] . sin-%_— v (3=4,2,3%)
the coordinates Xx; 1in the physical space are then determined by (1,44).

2.2.3 Rules for the user. ANPER is written in ALGOL 60. We do not describz this

program in detall as we did for NUMPER but restrict ourselves to recording the in-
and output sSpecifications. Agaln the special procedures READ and OUTPUT, the decla-
ration format and furthermore the procedures BINWRITE and BINREAD for handling the
tapes are used. They are not included in ALGOL 60, but only defined on our Control

Data 1604-A system [8]; appropriate adaptions must be made 1f the program is used

on another computer.

2:2.3:1__Input:

Units of length, mass and time are arbitrary.

Before golng to an electronic machine the user has to compute:

- Initial coordinates and velocities of the particle at time t=20 in physical
space, (ev. given by classical orbital elements),

- initial position and velocitles of the particle in parametric space as in the
second procedure (section 1.3.2),

- the value E, of the eccentric anomaly corresponding to the initial position
from the classlcal formulae of Kepler motion,

- initial vatues of the elements (o«;)y , (B;)g from (2,14);

- the same work has to be carried out with respect to the perturbing body
(E, (&, (Bi)g )

The input 1s listed on punched cards 1n the following sequence; the values must be

legal ALGOL numbers, each of them followed by a comma. The number of values per

card, the length of the numbers, and the number of spaces are arbitrary.
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Symbol used in the program Symbol used in the underlying theory 2.2.1,2.2.2.

M M = gravitational parameter of the central body
’ (produet of mass and gravitational constant).

EQ E, = eccentric anomaly of the particle at ini-
tial time t=0.

ALO[1],AL0[2],ALO[3],ALO[4] (“jk = reduced elements of the particle at the

BEO[1],BEO[2],BECQ[3],BEO[4] B pericentre of the unperturbed orbit.

MS M= gravitational parameter of the perturbing
body.

ESO0 E; = eccentric anomaly of the perturbing body at

initial time t=0 .

ALs[1],ALS[2],ALS(3],ALS[4] (ipl = reduced elements of the perturbing body

BES[1],BES[2],BES[3],BES[4] (B)n at the pericentre of the orbit.

JKMAX N, (2N is the number of points on the two or-

bits used for the harmonic analysis).

TF, TFT Scallng factors for the listing of the Fourier
coefficlents; every coefficient of the perturba-~
tion of an element is muitiplied by TF, every
coefficient of the perturbation of time is multl-
plied by TFT, when it 1s printed out.

(The largest coefficients should have the order
of magnitude 1011,)

I Summation of the Fourier-series: number of sunma-
tions to be carried out,

E,;E; e0e,E Values of E for which the summation is desired.

a) For checking purposes at the beginninyg of the computation:

b)

The following information is printed out:
M,E0,ALO0[1],AL0[2],AL0{3],AL0[4],8r0{4],B8E0[2],BEC[{3].BEO[4],

A0 = semi-major axis of particle's osculating orbit at instant t= o,

EXZ0O = eccentricity of particle's osculating orbit at instant t=0 ,

formula for computing the unperturbed Kepler time t, (denoted by T),
MS,ES0,ALS[1],ALS[2],ALS[3],ALs[4],BES[1],BES[2],BES[3],BES 4],

AS = semi-major axis of the orbit of the perturbing body,

EXZS = eccentricity of the orbit of the perturbing body,

formula for computing the Kepler time,

JKMAX, —

equation (2,11) (with the numerical values of -ﬁ; and m, - ;; m, ).
Investigation of resonance: (cf. 1.5.2)

For any value of the subseript v (formulae (2,16)(2,17)) the value of v-+n-;;
which is nearest to 0 1s printed out (n 1s the second summation ilndex and M

ii are the mean angular motions). However, the information is suppressed if

this minimum of ]v+n-é; is larger than for a preceding value of v .
Fourier-series of the perturbations:

In Appendix 2.4 the perturbations Ao, Af;, At of the elements and of the
time are denoted by D ALPHA 1,....,D ALPHA 4,D BETA 4,....,D BETA 4,DT.
Perturbation of the elements: after D ALPHA (or D BETA) the chosen scaling
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factor TF 1s printed out. It follows the secular term; In the list of the
Fourier coefficlents the first and second columns indicate the values of v and
n , while the third and fourth columns contain the cosine and sine coefficients
{cf. (2,16)).
Perturbation of the time: after DT the scaling factor TFT is printed out. The
secular terms appear in the form (2,17), and the periodic terms are printed out
according to the same pattern as for the perturbation of the elements.

d) Summation of the Fourier-series:
In the first column the chosen values of the independent variable E are listed

again. The second column contains the unperturbed values of the elements and the
Kepler time t¢ , the third column the perturbations of the elements and of the
time, and the fourth column the perturbed values of the elements and of the time.

2.2.4 Remarks. Concerning an appropriate choice for the number N used for the

harmonic analysis we may give the following rough guess. Let a be the semi-major
axis of the orbit of the particle, Q the minimal distance between the two orblts
and d the number of wanted significant decimals of the perturbations; then choose

at least
- —d
N = Ilosu;gl |

where log 1s the Briggsian logarithm.

2.,2.5 Fourth numerical example: Perturbations computed by four different methods.

2.2.5.1 Configuration: (Fig. 2.3)

Xy

orbit of
the porticle

X3

orbit of the a
perturbing body

l (not in scale)

Fig. 2.3. Fourth example. Configuration.
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Central body: at the origin, gravitational parameter M = 1.
Perturbing body: ™M = 0.01. The orbit is a circle in the X,,X3 ~plane of radius
@ = 18. Initial position (0,0,18), initial velocity (0, 0.23687784006 ,0).

The corresponding elements are o, =3, X, =0, & =3, o = 0, F, = 0,
B =3, F, =0, F., = -3 and coincide with thelr reduced values (&;)q ,
(B;)s 5 therefore E, = 0.

Particle: the unperturbed orbit is an ellipse with the semi-major axis a = 3, ec-
centricity e = 0.5, inclination 39.7O to the x,,x; -plane, start at the peri-
centre (E, = 0). Initial position (- % »0,¥2), initial velocity (2—?—5 R %E R

3

9
P‘.—_1, [3,:1, p!=_
ments (dj)n , (Bj)g 3 furthermore the two parameters ¢-, T introduced in sec~

1 Y2
tion 1.6.3 are © = - 3 T'=-—3-

) . The unperturbed elements are o, = Lg s o =0, o3 =1, oy =0,
Lg N ‘3,, = = {_2— and colncide with the reduced ele-

Program NUMPER.

Input data: N = 10, NEARCENTRE = false, TO = O, NTAB = 0, DS = 0.1 ¥3 (correspond~
ing to a step 0.1 of E ) (approximately 63 steps per revolution), NOUT = 1,
TMAX = 500 (about 15 revolutions of the particle, and about 1 revolution of
the perturbing body).

The purpose of this computational example is to discuss the goodness of the energy

balance (cf. 1.3.3, 2.1.2.6 and 2.1.3.2). In Fig. 2.4 the quantity

(1,97) eW = bt T ([la)+ A Ay + [(B)+4AR] Ap)

is plotted against E =2ws . At the end E = 96 we read for this quantity the
value 3.61°10-11, the corresponding value of rW 1s - 3.07681'10'5, and thus the

relative error of the energy check is about 10‘6. This 1s a satisfactory result.

Program NUMPER.

Input data: N = 9, NEARCENTRE = false, TO = O, NTAB = 0, DS = 0.1 Y3 (correspond-
ing to a step 0.1 of E ) (approximately 63 steps per revolution), NOUT =5,
TMAX = 500 (about 15 revolutions of the particle, and about 1 revolution of
the perturbing body).

The results of this computation are displayed in two ways. First, the perturbations

Aoy, Apj , At corresponding to E = 80 (about 13 revolutions of the particle) are

tabulated in Tdble 2.3 under the heading NUMPER. Second, the perturbations Aoty

and AR, are plotted in Fig. 2.5 and Fig. 2.6 against E .
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W= D ([l + 4 AnilBeg + (3 + 2255]08)

I Ye-11

Py
=

30 40 50 60 70 B0 %0 E
(radians)

Fig. 2.4. Fourth example. Energy balance.



Table 2.3. Comparison of special perturbations and first-order general

perturbations.
NUMPER ANPER
E =80 E =80
Ax, = 0.00072460 Acy = 0.00073163
Awy = -0.00255181 Aota = -0.00254040
Aoty = 0.00160407 Axy = 0.00160465
Awxy = 0,00033265 Axy = 0.00031953
AB, = =0.00055131 AB:, = -0.00055084
AR, = 0.00049547 AB. = 0.00040473
AB; = 0.00045080 AR, = 0.00045364
Apy, = 0.00137048 AB, = 0.00136828
At = 0.021224 At = 0.021180
001
10 P o& N w0 s o T TTRTT T T T T T [T
[RADIRNSI
BNE [REV,
L -.00i WF THE MBEaN
oo CRLCULRTED WITH PRBGAAM NUMPER: 1
.
SECULRR TEAM FABM PRAGRAM ANPEA: 2
SECULRR TERM FABM (1,149): 3 3
-.ac3 2
k
.

Fig. 2.5. Fourth example. Perturbation Ao, .

[ a0z CRLCULRTED WITH PREGRAM NUMPER: 1
SECULAR TEAM FREM PRBGAAM ANPEA: 2 1
P NN
~ e N =
SECULAR TEAM FRBM (1,149 : 3
L .00t ' : // 2 !
]
3 :
i
T T AN T T -t s TTaTTT T ot 1 T N U - - T - T i~ —_
i0 20 30 49 50 &0 70 80 30 E
i [RACTANG!
f @NE [REVa
L @F THE MUAN

-a001

Fig. 2.6. Fourth example. Perturbation A .
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Program ANPER. .

Input data: EO = 0, ESO = 0, JKMAX = 13, TF = TFT = 10, I = 1, E = 80.

The second and third methods are used to compare the numerical and first-order ana-
lytical perturﬁations. Again the results of the third method are listed in Table
2.3 (under the heading ANPER); the corresponding plot in Fig. 2.5 and Fig. 2.6 co-
incides practically with the plot of the second method. Furthermore the secular per-

14

turbations are l1isted in Table 2.4 under the heading ANPER, and the secular pertur-
bations of Aa«, and Ap., are plotted in Fig. 2.5 and Fig. 2.6 as straight lines.
Appendix 2.4 is a part of the results output by the Control Data 1604-A.

The results are listed in Table 2.4 under the heading (1,149) and plotted (for Ao,
and AP,) in Fig. 2.5 and Fig. 2.6. Because the ratio of the major axes is rather
small, the results of this rough computation have an acceptable accuracy; they co-
incide with the results of ANPER within a relative error of about 4%.

Table 2.4. Secular perturbations.

ANPER 7 (1,149)

Ax, = 0.27595-10-DE Ax, = 0.19290-10-DE
Aoy = -3.77738.10-2E Aa, = -3.66512-10-DE
Axy = 2.00678:10"2E Aoy = 1.91096-10"3E
Asy = 0.60747.10-5E Aoy, = 0.68200-10-5E
AR, = -0.72616-10-2 E AB, = -0.68200+10-3E
AB, = 0.66424.10-5E AB, = 0.68200:10-5¢
AP, = 0.20442-103 E AR, = 0.19290-10-DE
Af, = 1.41098.10"5E AR, = 1.35031:10-DE
At = 3.81647-10-%E

+1.05457+10~4 E cosE
+0.76276.10-4 E sinE

2.2.6 Fifth numerical example. Convergence of the Fourier expansion in the case of

an ejection orbit.
2.2.6.1 Configuration: (Fig. 2.7)

orbit of the
perturbing body
(not in scote)

orbit of the particle: 1 = ejection orbit
2 = circular orbit

Fig. 2.7. Fifth and sixth example. Configuration.
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As described in section 1.6.4. The numerical constants appearing in formula (1,157)

were chosen as follows: -%31- = 0.01, % =19- . The same value ¢ = 60° was adopted.
Elements of the particle: o =0, (J =1,2,3,4), p, = Lg s Pa =-;- s Py =0,

By = O.
Elements of the perturbing body: &, =-g s 8 =0, =;25- , &, =0, F‘ = 0,

By = -g- s B =0, B, = - % . (Start on the positive x; -axis).

2.,2,6.2 PFourier-series:

e ot w1 e e e A B A e e

Program ANPER.
Input data: EO = 0, ESO = 0, JKMAX = 13, TF = TFT = 41011, T = o,
In Table 2.5 the cosine-coefficients ay, (multiplied by TF) of the Fourier ex-

pansion
c(E-E,) + ZZ [a,,,. cos(vE + nE,) + byn sin(vE-i-nE‘)]

of the perturbation Ao<,, are listed. A row corresponds to running values of v and a

fixed value of n , This gives a picture of the convergence of such a seriles.

2.2.6.3 Secular perturbations:

They are, computed by ANPER,
Ax, = 3.80195232.10-6E , Ax, = -11.04974880-10-6EF ;

the remaining secular perturbations Ae«;,Af; vanish.

Table 2.5. Ejection orbit. Cosine-coefficients of Aoy .

N 0 1 2 3 4 5 6 7 8

-11 -1 0 0 0 o] 0 0 o]

~10 0 0 0 0 0 o} o] 0
-9 15 -4 1 0 0 0 0 ¢]
-8 0 0 0 0 0 0 0 o]
-7 -376 94 -25 5 0 0 0 0
-6 0 0 0 0 o} 0 0 0
-5 8 974 -1 966 339 -12 -8 1 0 0
-4 0 0 0 o] o] 0 0 0
-3 -200 422 27 926 343 724 0 -1 0 0
-2 0 0 0 o] 0 o] 0 0
-1 -263 426 61 044 -10 564 884 -7 o] 0 0
0 |11 090 045 0 0 0 0 0 0 0 0
1 -8 753 885 251 765 -62 Q04 11 774 -1 173 37 -1 0 0
2 0 0 0 0 o] 0 o] 0 0
3 | -2350 625 180 234 -34 856 2 042 613 -59 3 0 0
4 0 0 0 0 0 0 0 0 0
5 51 296 ~7 006 2 186 -533 71 2 -2 0 0
6 0 0 0 0 o] o] 0 0 0
7 -1 322 252 -97 34 -9 2 0 0 0
8 0 o] o] 0 0 0 0 o] o]
9 37 -8 4 -2 1 0 0 o] 0
10 0 0 0 0 0 0 0 o] 0
11 -1 0 o] 0 0 0 0 0 0
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PN 0 1 2 3 4 5 6 7T 8
-14 o] 0 o] o] 0 0 0 0
~10 0 o] 0 0 o] 0 0 0

-9 o] 0 o) o] 0 0 0 o]
-8 o] o] 0 0 o] 0 o] (o]
-7 6 -2 1 o] 0 o 0 o]
-6 7 -12 4 -5 1 -1 0 0
-5 442 170 ~-65 11 -8 -3 0 0
-4 ~700 1 253 =317 311 -60 5 -1 0
-3 30 025 -9 591 3182 1 085 37 15 0 0
-2 71 048 -134 254 23 169 -1 182 245  -11 2 o]
-1 5 530 19 958 -9 002 -3 241 -73 -29 -1 o
0 | -3 040 890 -468 685 256 216 -44 593 1 729 -360 15 -3 o]
1 2 386 433 . -5 133 -19 228 8 782 3 181 71 28 1 0
2 0 61 978 -124 618 22 047 -1 138 238 -1 2 0
3 3 983 381 -23 993 8 576 -2 953 -1 026 -36 -14 0 0
4 0 -519 1 079 -287 289 -61 4 -1 0
5 -2 709 304 -141 58 -10 8 3 0 0
6 0 S -10 3 -4 1 -1 0 0
7 23 4 2 -1 o] o} 0 0 0
8 o} 0 0 0 o] 0 0 0 0
9 o} 0 0 0 o] 0 0 0 0
10 0 0 0 0 0 0 0 0 0
11 o} 0 0 o} 0 0 0 0 0

Comparison with the rough method of section 1.6.4:
From (1,156) (1,157) one obtains

Ao, = 3.34114.10-6E , A, = -10.93105-10-6E .

2.2.7 Sixth numerical example. Convergence of the Fourler expansion in the case of

a circular orbit.

The unperturbed orbit of the particle 1s a circle in the x,,X, -plane; the pertur-

bing body is as in the fifth example. %% = 0.01, é% = % (as in the fifth exam-
ple).
Elements of the particle: o, =4, =3, % =0, o =0, f4=3,

Ba = - %-, 3 =0, P¢=0 (coinciding with the reduced elements (x;)q

{B;)q 3 therefore E, = 0).

2:2.7.2  Fourier-series:

In Table 2.6 the cosine-coefficients of Aa«, (computed by ANPER) are listed in the
same arrangement as in the fifth example.

2.2.7.3_ Conclusions:

As can be seen from the two Tables 2.5 and 2.6 the convergence of the series is not
sensitive to the eccentricity. We have also carried out numerical experiments with
the ratio a:& = 1:9 in the more classical dase where the orbit of the particle is
in the plane of the orbit of the perturbing body. Also in this case the convergence
behaviour of the Fourler-series was practically the same for an ejection orbilt as

for a clrcular orbit of the particle.
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2.2.8 First-order perturbations of the orbit of the planetoid Vesta. The theory of
the general perturbations of Vesta was established in 1880 by M.G. Leveau [10] ac-

cording to Hansen's method. His results on the first-order perturbations by Jupiter
have been compared with the results obtained by our program ANPER (cf. [5])}. Since
the set of elements used by Leveau 1s quite different from our regularized elements,
it was only possible to compare the distance of the planetoid from the plane of its
initial osculating Kepler orbit. The Fourier expansions of this distance as ob-
tained by ANPER agreed perfectly with Leveau's results.
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Appendix 2.1. Program NUMPER,

1: BEGIN

REAL TO,H,M,X1,X2,X3,v1i,V2,¥3,0M,C1,C2,C3,MP ;

INTEGER N.NTAB,NDEG,HFCT ; BOOLEAN NEARCENTRE 3

ARRAY ALD.,BEO(1:4] ;

FORMAT INF 1= '9(22H START FAR FROM CENTRE// ’
23H INITIAL POSITION X1 =,E18.10,4X,4HX2 =,E18.10,4X,4hX3 =,
E18.10/23H INITIAL VELOCITY Vi =,E18.10,4X,4HvV2 =,E18,10,4X,
4HV3 2,E18.10//18H SEMI-MAJIR AXIS =,E18.10,4X,14HECCENTRICITY 2,
E18.10,4X,22HPERIOD OF REVOLUTION =,E18,10)'"' ;

FORMAT INFNEARCENTRE := ''(18H START NEAR CENTRE//
23H INITIAL POSITION X1 =,E18.10,4X,4HX2 =,E16.10,4X,4hX3 »,
E18.10/736H DIRECTION OF INITIAL VELOCITY V1 =,E18.10n4%X,4RkV2 =,
E18.10,4X,4HV3 =,E18.10//9H ENERGY =,£18,10//
18H SEMI-MAJOR AXIS =,E18.10,4X,14HECCENTRICITY %,E18.10+4X»
22HPERIOD OF REVOLUTION =,E18.10)''

2t FROCEDURE REGEL(NEARCENTRE,M,X1,X2,%X3,V1,V2,V3,0M,AL,BE,C1,C2,C3,
L)
VALUE M,X1,X2,X3,V1,Vv2,V3 ;
REAL M,X1,X2,X3,VL,v2,v3,0QM4,C1,C2,C3 5 ARRAY AL.BE ;
BOOLEAN NEARCENTRE 3 LABBL L 3
SEGIN
REAL R,v ; INTEGER K
R 1= SQRI(X1#X1+X2#X2+X3#X3) ;
V i3 SQRT(VIaAVI+V2eV2+V3IaV3) ;
IF ~ NEARCENTRE THEN
BEGIN
OH = M/R/2-VwV/4 ;
IF OM<0 THEN G0TO0 L 3
oM t= SQRT(OM) ;
END
IF  R#Z0 ~ X120 THEN
BEGIN
AL{1] 3 SQRT((R+X1)/2) ; ALIZ2) := X2«ALI1}/(ReX1) i
ALI3] 2 X3wALIL1)/(R+X1) 1 AL(4] = 0

END
ELSE IF R#0 THEN
BEGIN
ALL2) = SQRT((R-X11)/2) ; ALl1) := X2*AL(2])/(R-X1) 3}
AL(4) = XI®#AL[21/(R=X1) 3 AL[3) = ¢ ;
END
ELSE
ALCL) 3= ALI2) = ALI31 = AL(4} :3 0 ;
IF R%0 THEN
BEGIN
BE(1] ( ALIL)*VL+ALI2)wV2+AL[3)eV3I)/0NM/2

Bel(2] =z (~AL(2)*vi+ALIL)«VR2+AL{4)*V3)/0NF/2
BE{S] i3 (=AL[3)*Vv1i-AL(4)eV2+AL[1]*V3)/0M/2
BE[4] = ( AL[4)»V1-AL[31wV2+AL(2]¢V3)/0M/2
IF NEARCENTRE THEN
BEGIN

REAL VvC

VC = 2#M/R-4¢)M*0N ;

IF  vC<0 THEN @oT0 L

VC = SQRT(VC) ;

FOR K:x=z1 STEP 1 UNTIL 4 DO BE(K]) = BE(K)/veVvC ;

. e we we

END
END
ELSE IF  vi20 THEN
BEGIN
BELL) = SART((V+vi)wd/V)/0M/2 ¢ HEL2) 3z V2#BElL1]}/(Vvevl)
Betd) = vI*IE[(1]1/(VevL) ; WE(4) 3 0
END

ELSE
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BEGIN
BE(2] 33 SQRT((V-V1i)*M/V)/0M/2 i BEl1] = V2+BE(2)/(v=V1) }
BE(4] :=3 V3I#BE[2])/(V=V1) 3 BE(3}) % 0

END

Cl :x ALI1)*ALCL)I+ALI2)wAL(2)*ALISIoALI3)+ALI4)#ALLA]} }
C2 1= BE[1)*BEI1)+BE[2)#BE(2)+BE[3)*BE(3]1+BE(4)*BE(4] 3}
CL i3 (C1+C2)/72 ;

C2 := C1-C2 ;

C3 3 ALIL)*BEILI+ALI2)#BE(2]1+AL(3I*BE(3)1+AL{4]+BE[4] 3
END REGEL

READ(N,NEARCENTRE.TO0) ;
IF N=210 THEN OUTPUT(51,''(26HLREGULARIZATION DT = R#DS////)'")
ELSE OUTPUT(51,''(15HLREGULARIZATION,2X,
20HDT = SQRT(AZAQ)*R#DS////7)*')
IF NEARCENTRE THEN
8EBGIN
READ(H)
IF H>0 THEN GOTO INERROR 3
OM i= SQRT(-H/2)
END
CUTPUT(51,''(SH T0 =,E18,10//7/7)'',T0) 3
READ(M,X1,X2,X3,V1,V2,V3) ;
CUTPUT(51, "' (13H CENTRAL MASS//4H M %,E18,.10//7/7)'',M)
FEGEL (NEARCENTRE,M, X1,X2,%X3,V1,V2,¥3,0M,AL0,BE0,C1,C2,C3,INERROR)
CUTPUT(S1,''(10H SATELLITE/)'*)
IF NEARCENTRE THEN
CUTPUT(S51, INFNEARCENTRE, X1,X2,X3,V1,V2,V3,HsC1,SQRT(C2t2+C3%2)/C1,
3.1415926936+C1/0M)
ELSE
CUTPUT (51, INF,X1,X2,X3,V1,v2,V3,C1,SQRT({2+2+C312)/C1>
3.1415926536%C1/0M)
READ(MP,NTAB)
CUTPUT(S1,''(////716H PERTURBING MASS//4H M 3,E18,10/)''/MP) }
IF NTAB#0 TMEN READ(NDEG) @L9E ND:G :3 0
ANFCT 312 3 3

BEBGIN
REAL XP1,XP2,XP3,VP1,VP2,VYP3,0MP,CP1,CP2,CP3,TBEG,D1TAB,TFL,
DS, TMAX,S+CS,SN,T,R,VF 3}
INTEGER 1,NOUT,NOUTI 3
ARRAY ALP,BEP(1:4),TAB[1:NFCT,0:!NTAB]),LAM(O:NDEG),DEL[1IN],
FCTILiNFCT)»AL,8E,U.,DUDSIL24) 3

PROCEDURE LAINTAB(T,FCT) 3

VALUE T 3 REAL T ; ARRAY FCT ;

COMMENT GLOBAL: NDEQ,NFCT.NTAB,TBEG,DTTAB,LAM[{O:NDEG),
TAB{L:NFCT,0:NTAB),OQUT 3

BEG N
INTEBGER N,L.,I,J ; RBAL P,K.SS
ARRAY SI[1:NFCT},4YIO0:NDEG)
P s (T-TBEG)/DTTAB ; N = P ; K s NDEG/2
L % N-K+(K-ENTIER(K))*SIGN(P~-N) 3}
IF L<O v L4NDEG>HTAB THEN GOTO0 o0OUuT
IF P=N THEN
FOR [:=1 S8STEP 1 UNTIL NFCT DO FCTII) :3 TAB(I,N])

ELSE
BEGIN
FOR 1:31 STEP 1 UNTIL NFCT DO S(1] := 0 3
SS s 0 3
FOR J:=0 STEP 1 UNTIL NUEG DO
BEGIN
MY{S] = LAALJIZ(P=L=y) ;
FOR I:=1 STEP { UNTIL NFCT DO
SIE) 2= SUI)+MYIJ)eTABI,L*J) 3
SS tx SSeMY[J)
END
FOR 1I:=1 STEP 1 UNTIL NFCT DO FCT(I) := SL1)/SS 3
BND

END LAINTAB ¢
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PROCEDURE: RK1ST(X,Y,N,H,F) ;
VALUE N.H 3 REAL X,H 1 INTERGER N
ARRAY. Y ; PROCEDURE F 3
BEGIN .
REAL XI ; INTBGER K,J ; ARRAY Y1,Y2,Z(1:N1,Al135]) 3
All) = A[2) := A[5]) 13 H/2 ; Al3) a2 Al4) 1= H }
Xl := X 3
FOR K:=z1 STEP 1 UNTIL N DO VY1(K) := Y2(K} t=2 Y[K} ;
FOR =1l STEP 1 UNTIL 4 DO
BEGIN
F(X1,Y2,N,2) 3
X1 = X+AlJ)
FOR K:=1 STEP 1 UNTIL N DO
BEGIN
Y2IK] =3 YIK]+ALJI*Z(K] ;
Y1IK]) 3 YLI[KI+AlLJ+11eZ(KI/3 3}
END
END
X iz X4H ;
FOR HES STEP 1 UNTIL N DO YIK} 3= Y1[K]} ;
END RK1SY

PROCEDYRE F (S,DEL.N,G) ;
VALUE S,N 3 REAL S : INTEGER N ; ARRAY DEL.G 3
COMMENT GLOBAL: T0,JM,C1,C2,C3,NTAB,CP1,CP2,CP3,ALP,HEF,
ALO,BEO,LAINTAB 3
BEGIN
REAL CS,SN,T,XP1,XP2,XP3,R,X1,X2,X3,DEN1,DEN2,P1,P2,P3,
SUM ; INTEGER I ;3 ARRAY AL,BE,U,DUDS,G{1:4]) 3
T 5 TO+C1#S+C2#SIN(2#0M#S)/0M/2+4C3+(1-COS(2+0M*S))/CM/2
«DEL(9) 3
IF NTA8=0 THEN
BEGIN
REAL SP,SP1 ; ARRAY UPLL:4] ;
SP1 1= (T=T0)/CPL-CP3/CP1/0MP/2 3
LOOP: SP $= SP1~(CPLi#SP14CP2¢SIN(2+0MP*SP1)/QMP/2+CP3w
(1~COS(2«0MP*SP1))/0MP/2-T+T0)/(CP1+CP2%*COS(2eCMP*SPYL)
+CP3«SIN(2%3MP*SP1)) 1}
IF  ABS(SP-SP1)>.=9/0MP/2 THEN
BEGIN SPL :3 SP 3 QOTO (OOP END
CS := COS(OMP#*3P) j SN i= SIN(QMP#SP) ;
FOR 1:=1 STEP 1 WUNTIL 4 DO
UPII) := ALPUL11#CS+BEP[I}#*SN ;
XPL ix UPI1)#UPI1]~UPI2)}#UPI2)~UPLS)*UPI3)+UP[4)*LPL4] ;
XP2 = 2#(UP[11#UP[2)~UP(3i*UP(4)) ;
XP3 3 2« (UP[1])+UPI3]1+UP(21~uUP(4)) ;
END

ELSE
BEGIN
LAINTAB(T,FCT) ;
XP1 = FCTL1) ; XP2 1= FCT(2) 3 XP3 3= FCTI[S} 3

END

CS 3= COS(OM*S) ; SN i3 SIN(OM»d) 3}
FOR 1:=1 STEP 1 UNTIL 4 DO
BEGIN

ALCE] =3 ALOUII+DELIL) 5 Bell) 3= BEO[I)+CEL{I+4) 3
Q(I) 2= AL[[)*»CS+BE(I)+SN ;
PUDSLEL) ¢ OMw(-AL(I)+#SN+BE(]1)»CS) 3

END

R 32 UlLI«U{1]1+U(2)%U2]1+0(S12U(3)eU[4])wL[4) ;

Xi 312 Ul11#Ul11-U[21«Ul2]1-U(3]oul3}+uld]ruld] ;

X2 1= 2#«(UIL]=U(2]=-U[310U4)) ;

X3 i3 2#(Ul11+U(3)+U{2]12U(4])) ;

DENL = ((X1-XPL)*(X1~XPL)+(X2-XP2)*(X2=XP2)+(X3=-XP3)
*(X3~XP3))*r1.,5

DENZ = (XPLa#XPL+XP2wXP2+XP3I*XP3)*1.5 ;

P1 i3 ~MP«((X1-XP1)/DEN1+XP1/LEN2) ;

P2 iz =MPw((X2=-XP2)/DENL+XP2/DEN2) ;

P3 = ~MP«((X3~-XP3)/DEN1+XP3/UEN2)
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Q1] 3 2«0 J[1)=P1+Y(2)=P2sUI(3])*PI)
QL2] 2 2#(=~U[2)1eP1+Y[1]*P2+U[4]*P3) ;
QU3) 12 2e(=U{3)wP1-U[4]}#P2+U[1])*P3) ;
Q4] iz 2w( J{41%P1-~U[3]1*P2+U(2}*P3) ;
SUM = QI1!*DUDSI1]+Ql21»DUDS(21+Q(31«DUDS(3I1+G(4)«DLDS(4] 3
IF N=10 THEN
10: BEGIN
REAL DAL2,DBE2,DALBE,DR 3
FOR =1 STEP 1 UNTIL 4 DO
BEGIN
GUI] 3= (R*Q{1)+2#DEL(10)2ULL))/0M/4
G(I+4) :=2 G[I)*CS ;
G(Il] = ~GI{II=SN }
END
DALZ = (2«ALO(L}+DELIL))*DELIL)+(2*ALO(2)+DEL{2})*DELI2)
+(2«ALO[3I]+DELI3II)*DELIS)I+(2%AL0[4)+DEL(4))#DELI4] ;
DBE2 i= (2+BEO[1)+0ELIS})I*OEL(5]1+(2+BEO(2)+DEL{6))*DELIS)
«(2«BEO{3)«DEL{7))*DEL(7)+(2«BEQ[4)+DEL(8))=DELIB]) ;
DALBE := ALO(1)#DEL(S)+BEO[1)*DELIL1}+DELI1)*DEL(5]
+ALO[2)»DEL{61+BEQI2)#DEL(2)+DEL[2)«DEL16)
+ALO(3)#DEL[7]1+BEQ(3]*DEL[3I+DELI3I*DEL[7])
+ALO[4)«DEL[{B]+BEQ{4)¢D:L(4)+DELI4)#DELIE]) 3
DR 3z (DAL2+DBE2)/2+(DAL2-UBE2)/2+#C0S(2#QN*S)
+DALBE*SIN(2%0M*S) 3
G(9) = DR 3
G{10) := SuM ;

BND
ELSE
11:¢ BEGIN
REAL A
A iz (ALT1I#ALC(1)+ALI2)#ALI2)+ALI3)I*ALI3)+AL{4])xAL (4]

+BE[1)%BE[11+BE[2)+BE{2)+BE[3]#BE(3]+BE(4]wBE[4))/2 ;
FOR [:= STEP 1 UNTIL 4 DO
BEGIN
Gi{I} 2= A/C1»(R#Q(I)+DUDS{I)*SUM/OM/OM)/0OM/4 }
G(l+4) = G{1)#CS ;
G{l) := =G{I)#SN ;
END
Gl9
BND
‘END F

] %= SQRT(A/C1)*R=(C1leC2#COS(2#0M#S)+CI+#SIN(24CM*S)) 3

12: IF NTABE30 THEN
DEGIN
READ(XPL1,XP2,XP3,VP1,VP2,VP3) }
REGEL( FALSE ,M+MP,XP1,XP2,XP3,VP1,VP2,VP3,0MP,ALP,BEP,
cP1,CP2,CP3, INERROR) 1
QUTPUT(51, INF.XPL,XP2,XP3,VP1,VP2,VP3,CP1,SQRT(CP2*2+CP3*2)/
CP1,5.1415926536%CP1/JMP)
END

‘ ELSE
BEQIN
READ(TBEG,DTTAB,TFL) 3
FOR 1120 STEP 1 UNTIL NTAB DO
READ(TAB(1,11,TAB(2,]),TAB(3,11)
QUTPUT(51,''(7H NDEG =,13//10Xs1HT,17X,2HX1,18X,2HX2,18X,
2HXS/) ' NDESG) 3
FOR [:=0 STEP 1 UNTIL NTAE DO
BEGIN
TAB(Ll,I} := TFL#*TABI{1,I]
TABLZ2,1) :3 TFL=TAB(2,1)
TAB{3,[} = TFL#TAB(3,I]
QUTPUT(5L,'"(1X,E18,8,3E20.10)'"',TBEG+1«DTTAR,
TAB(1,1),TAB(2,11,TAB(3,]1))

END

LAM[D) = 1 ;

FOR 1:=0 STEP 1 UNTIL NLEG-1 DO

LAMUL+1] = ~LAMITI*(NOESG=1)/C[*1)
END .
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13:

14:

15;

READ(DS,NOUT, TMAX) ;
OUTPUT (51, ''(////22H INTEGRATION STEP DS =,E18.10/7H NOL} =,14/

S

1H1,10X,1HT 16X, 8HX1,X2,X3,11X,8HV1,V2,V3,14%X,5FALPHA,15X,
4HBETA/)'',DS,NIUT)

12 0

FOR I:=1 STEP 1 UNTIL N DO DeL(I} :=0 ;
TR3:

T
CcS

1= TO+CLeS+C2aSIN(2%0rM#S) /0M/2+C3w (1 -COS(2%0M*S))/0M/2+DELI9]
$= CUS(OM*#S) & SN 2 SIN(OM#*S) 3

FOR [:=1 STEP 1 UNTIL 4 DO
SEQIN

AL(I) ¢= ALOIL)+DELIT] ;3 BE(I] = BEQII)+DEL(I+4] 3
UTI) ¢3 ALIII*CS+BE[I)*SN .

DUDS{f] := OMw(~AL{T)«SN+BE(1]1%CS) ;

END

R 1= ULL1I*U[L)+Ul21#U[2]1+U[3)%U{3)+Ul4)20L{4]) ;

X1 = UI1)«U(13-Ul2]#U(2)-U[3T+Ul3]+0(4}rUL4] ;

X2 iz 2«#(U[1)+U[2]1-U[3)*U(4]) 3

X3 1= 2x(Ul1)*U[3)+Ul2]1%UL4])

VF = IF R=0 THEN 1 ELSE IF N=10 THEN 2/R ELSE
2/R/SORT((AL{LI*ALIL)+ALI2)«AL[2]+ALI3)#ALI3]1+AL[4)*ALI4]
+BE(1L)#BE{1)+BE{2]}+B={2]1+BE[3]«BE{3)+BE(4)+BE(4)1)/2/C1) }
= VE*(U{11#DUDSI{11-~U[2])#DUDSI2)-U{3)*DUDSI31+4U(4])«DLLSI4}) ;
= OVEw(ULL)#DUDS[2]+(2)*DUDSI1]1-U(3}*DUDSL4])~U{4]*DLLS{3)) ;

V3 = VEx(U(1)#DUDS(3]+J(2])#DJUDS[41+U[3)¢DUDS[1)+U4}*DLDSI2])

IF  N=9 THEN

QUTPUT(S1,''(/5E20.10/20X,4E20.10/20X,4E20.10/60X,2E20.10)"'",

ou

IF
ou

NO
IN
RK
NO
iF

BEQ

END

INERR

CuTS
ENDCFPR:

ToXL,V1,AL{1),BEIL):X2,V2,AL12),BE{2]+X3,V3,AL(3],BE[S]),
AL141,BEL4))
ELSE
TPUT(51,'"(/6E20.10/20%X,5620.10/20X,4E20,10/60X,2E20,10)"'"',
TaX1,V1,ALI1),BE{L),R*DELIL0),X2,V2,ALI2],BE[2]),240Ma0F»
((2%AL0(L1+DELIL))*DEL(1)+(2%ALO(2)+DEL[2]))*DEL{2}+(2%AL0IL3)
+DEL(3})*DEL[3}+(2%ALO[4]+DEL[A])*DEL(4)+(2+BEQ[1}+DELIE]))»
DEL(5)+(2*BEO[2]1+DEL[61)*DEL[6)+(2*BED{3|+DELI71)*DEL(7}+(2%»
BEO[A4)4DELIBI)I*JEL[B1),X3,V3,ALI3],BE(3),ALL4),BE(4)) 3
R=0 THEN
TPUT(51, ' (
57H (COLLISION, V1i,V2,V3 1S THE DIRECTION OF THE VELCCITY))
'l);
utl = 0 3
T:
1ST(S,UEL,N,DS,F) ;
UTI = NOUTI+1
T<THMAX THEN
IN
IF  NOUTI=NQUT THEN QO0TO TR3 ELSE GOTO IN1 ;
D
ELSE GOTO ENDOFPR ;

OR: OQUTPUI(51,''(20H ERROR IN INPUT DATA)'') ; GOIO ENCOFPR
DUTPUT(51, "' (23H TABLE NOT LARGE ENQUGH)'') ;
END
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Appendix 2,2,

REGULARIZATIOM

0 =

DT =

CEANTRAL MASS

M3

2.9656218330F 15

SATELLITE

START NFAR CENTRE

INITIAL PGSITION
CIRECTICN OF INITIAL VELOCITY

ENERGY =

X1

-1.000000000

SEM1=MAJOR AXIS =

FERTURBING MASS

¥ 3

ADEG

3.6374408520F 13
= 6
T

~3.10600000E 00
~2.50000000F 00
~2.000000005 00
~1.%0000000€ 00
~1.00000000E 00
~5.00000000E~01

0

5,00000NDOE~D1
1.00000000E 00
1.500000005 00
2.10000000F 00
2.50000000E 00
3.n10N00000E 00
3.%3009n0a0E 060
4,00000000F 00
4.50000000F 00
%.010000000F 00
5.50000N00E OO0
6.00000000F 00
6.,50000000F 00
7.00000000E 00
7.50000000E 00
8.70N00000CE 0O
8.-0N0NQ00E 00
9.00000000F 00N
?.50N000N00E 00
1.n0000000F 01
1.05000000E 01
1.J0000000€ 01
1.15000000E 01
1.70000000% 01
1.75000000E 01
1.30000000E D1

INTEGRATION STEP DS
AOLT = 1

0

1,04604761106-02

2,3Fr72772422F-07

Output of program NUMPER. First ekémple.

R#DS

2 1.00000000708 N4

Vi o=
0E t0

1.,4828109165E 65

X1

1.9809297145K
1.5674343R71%
1.1293191015=
6,7444433387F
2.0B828555217E
~2.56130266695F
~7.2672082444:
~1.1853349729¢
=1.6146903501%
=2.0227182A65%
~2.59792724619¢
=2.7345631254%
=3.0277291166%
=3.2734641413%
=-3,4687808020=
~5.6116616965¢
=-3.7010285430=
-3.7366880R27 "
-3.71926n59n60
-3.6530969047C
~3.9312028419F
-3.5651536801%
~3.1550162R141
~2.9042811491%
-2.6167888178%
=2.7966760460"
~1.948351672423
=1.5762703606F
~1.1852373167€
~7.8001123993%
-3.5543945742%
5.3619751314F
4,72335529675E

05
05
o5
na
04
04
na
05
05
05
05

= 9.9999999993F-n7

X1,X2+X3

1.000000n00GE N4

0
0

8,5196584167% 03
-1.128429967456-04
7.5452877411F 03

4.1081910175F 03
2.837670n312F-n4
1.4939919542F n4

a
¥3 = 1.0000000000E 00

PERIOD OF REVOLUTION =

X? = 1] X3 =
0 ve = ]
ECCENTRICITY =  9,3256051803E-01
X2 X3
2.8849105617E 05 1.1473066829E 05
3.0571744845€ 05 1.2652534907¢ 05
3.1731274704E 65 1.3840116991E 05
3.245n0251803E 05 1.4416832G561E 5
3.265044988E 05 1.4966976950E 05
3,234R921755E 05 1.527876430%E 05
3.151A757452€ 05 1.5344842524E 05
3.0179443%99E 95 1.5162675269E 05
2.8351799938E 05 1.47246995386E 05
2.6064435254E 05 1.4068284392¢6 05
2.3362802952E 05 1.3175484477E 05
2.0287942360E 05 1.20725908446E 05
1.6894927374€ 05 1.0779545139E 0%
1.3241258714E 05 9.315258878%E 04
9,3972146A407E 04 7.7168B43714E 04
5.3943171774E 04 5.9990900672E 04
1.3230442u18E 04 4,1934034149E 04
-2,763R494525€ 04 2,3275868301€ 04
-6.8113051746E 04 4,2913082915E 03
~1.0743706827€ 05  -1,4751815204F 04
-1.4569969758E 05  -3.3556171797E 04
-1.8183034951€ 05 -~5,1957675864E 04
~2.156n147311€ 05 ~6,9727428678E 04
-2.4563056727E 05  -8,6573450416E 04
~2,7458065249E 05  ~-1.0224153980E 05
~2.99164130/85E 05  ~-1,1685628018E 0%
~3.2012832611€ 05  -1.2956154260F 05
-3,3728356403€ 05 ~1.4152083600€ 0%
-3.5947467541€ 05 ~1.5141769563€ 05
-3.5950425472E 05 ~1.5955568948E 05
~3,4457952R72E 05  ~1.65E5B67290E 05
~3.6541120406€ 05 -1.7027071226€ 0%
~3,6211233575€ 05 ~1.72755860842E 05
V1:¥2,V3 ALPHA

0 1.0000000000E 02

[1] )

7.570497/812E 05 0

0

-2.597201%213¢ 05
«3,29278066596-03
A4,35R57504854E 05

=-3.77714115%7E 05
H,6518038437€-02
4,6917968983E 05

76

1.00000002%2€ 02
~7.7565357193E-08
6.1478988576¢E-07
6.3601542619E~08

1.0000001471E 02
-7.,65758663796-06
3.5523731444E-06
4.887292%222E-06

BETA

0
0
5,.3531503183€ 02
0

-6,4986%20425E~-05
-6,72771815326-496
5,3531501309F 02
-4,1521899746E=07

~1,7635229444E-04
5,8874266518E~05
5,3531498858€ 02
-4,0992213733E-05

6,3879553214€ 00

~1,74083465416E 08
«1.7408236294€ 08

~4,3347483410E 08
-4,3347309170E 08



4.2333763423E-02

6,9031528642E-~02

1.0619367229F-01

1,5603883600E-01

2.20%53235967E~01

3.0134695368E-01

3,9582913035E-01

5.1¢97206880E-01

6,5439544048E~01

8,053325R454E-01

9.8462527602E~01

1.1787262304c 00

1.3507094644E 00

1,6192881669E 00

1,8r2B40Qn244E 00

2.1164394368F ng

2.3R68559989F DO

2.6627587805E 00

2,9445659929€ 00

3.2:9493n449€ aq

3.5148355435E 00

X1,X2,X3

~5.1463198764E 03
4,3665715308F-n3
2.203624645%0F p4d

-1.3099023900F 04
2.,2852822874F-p2
2,8692572818F n4

=2,555118R293F 04
8,5246A19986F~n2
3.4775982740F n4

~4.,0254143891F 04
2.596028a007F-n1
4.0164989972F n4

~5.6914240676F 04
6,8200705971F-n1
4,4751959511F n4

~7.5198597444F g4
1.5747478q97F nn
4.8445249896F n4

-9.4741705887F g4
3.2635977074F an
5.1171038485F n4

-1.1515261907F 05
6.2945416409F 00
5.28748245845F n4

-1.3602264791F 05
1.1504053072F n1
5.3522553829F n4

-1.5693341501F 05
2.0080443553F nt
5.3101352681F n4

=1.7746500534F 0%
3.3183233779F n1
5.1619735743F n4

~1.97204784604F n5
5.2737316217F 01
4,9:107740127F 04

-2.,15754809099F 05
8.109746H275F n1
4.5616336252F 04

-2,3274071063F 05
-2005091414F 02
L1216481975E n4

am

.4781901390F ¢
.7686454363F n
.5998564953F @

[
ana

-2.6D68433511F 95
2,5322334879F n?
$.0969701010F 04

-2.710759728%F 05
3.5520474499F 2
?2.3552541774F n4

-2,7878371585F 0%
4.88683991B1F 0?
1.658292796%F n4

=-2.8365305941LF 05
6.62079533945F N2
9.3084243880F n3

-2.8558917169F 05
6,8230081978F 02
1.8841885892€ n3

-2.8456061709€ 05
1.157354A8191F 03
-5.528271H0N05F n3

vi,v2,v3

~3.8780140977€ 05
3.7920544392E=01
3.1994550439E 05

-3.5635489788E 05
1,1507254090E 090
2.0262863885E 05

-3.15A4849u122E 05
2,%378731.5124E 00
1.33356963780E.05

-2.7668964238E 05
4.7175635723E 00
9,80n9585040E 04

-2.4213127869E 05
3.5103003506E 00
5.7374199254€ 04

=2.1214604545E 05
1.3A%X1 384166 p1
3.5999801978F 04

-1.0614744640E @5
>.nB758B)024E 01
2.0637516361E 04

=1.534391n514E 05
Y.1190631174E 01
9.3099945430E 03

=1.4339438384E 05
4.5599334987E 01
7.7730614666E 02

=-1.254928R376E 05
£,4271549711E 01
=5.7619952660FE 03

~1.093144~283E 05
4.5055629731€ 01
=1.nR40814813E 04

=9,4522095062E 04
1.16%4705977€ 02
-1.4820120702E 04

-9.0843882491E 04
1.51252B2B40E 02
=1.7953323553E 04

~5.8158246530E 04
1.7442554943E 02
~2,n0415542765E 04

-5.59A276030%9 04
2.51641973361€ 02
-2,2332740797E 04

~4.4463955414E 04
3,374438B601E 02
=2.3796393374E 04

~3.3371126760E 04
4.2648019430E 02
~2,4R870947480F 04

-2.2592578472E 04
5.4722992306E 07
-2,55909935016E 04

~1.2026151331€ 04
4.954669490€ 02
~2.5991029140F 04

-1.5902886795E 03
B,A730544632E 02
-2.4066854523E 04

9.8050746534E 03
1.n623027307€ 03
~7.5837224282E 04

ALPHA

1.0000004747E 02
-4.6251024858E-p5
1.7036176582E~05
4.3478829120E-05

1.0000011761E p2
~1.6853169315E~04
8,2878563439E-05
2,1309627434E-04

1.0000024524€ 02
~4.70570411345~04
3.4897996243E~04
7.5449832756E-04

1.0000044332€ 02
-1.1005436888E-03
1.2071982095E-03
2.1525807783E~03

1.0000069721E 02
-2.2569357878E-03
3.5006221159E-03
5.2433815838€~03

1.0000102714E 02
-3,9670772898E-03
9.0077266332E~03
1.07035133896~02

1.0000125460E 02
-6.610399752¢E-03
2.0196145814E-02
2.0388655841E-02

1.0000106760E 02
-1.0505089451E~02
4.0577924500E-02
3.7053640874E-02

9.9999478247E 01
-1.60%9686132E~02
7.4760431327¢~02
6.4467256375E-02

9.9595587386E 01
-2.33n41757938-02
1.2854542601E~01
1.0555167713E~01

9.99538803337F 01
-3.1712748B842E-02
2.0885365680E~01
1.6070235274E~01

9,9973443209E 01
-4.2958893015E=02
3.212676R5%1E-01
2.4611983571E-01

9.9950228864E 01
~5.5178445805E~02
4.7207897777E~01
3.5421124942E-01

9.9507049141E 01
-7.0407667946E-02
6.6%248306%6E~01
5,1381689173E-01

9.9835071503E 01
-8.,827085¢+65p9E~02
9.0159280014E-01
7.3826583721E~01

9,9728694705E 01
-1.0678563413E=-01
1.1R04138994E 00
1.0271045249E 00

9.9579603274E 01
-1.2464%15280E01
1.4949831039E 00
1.3853431533E 00

9.9341852353E 01
-1.4747033049E-01
1.8237366995E 00
1.8849901578€ 00

9.9023740706€ 01
~1.5573174270E-01
2.1520847267E 00
2.4808447080E 00

9.8537255144E 01
~1.6257759906E=01
2.4131870785E 00
3.2703485706E 00

9.7521695726E 01
-1.3855979823E~-01
2.5913714838E 00
4.1458067292€ 00

ete.

(i

QETA

~3.5682443088E-04
2,6812252992€-04
5.3531491610F 02
-2,4758871832E-04

~6.3174787540E-04
7,4335946018E-04
.5.3531466327E 02
-9,0217576732E~04

~1,0168919375€-03
1.6495150844E-03
5.3531387220¢ 02
~-2.5190359429€-03

~1.4989517315E-03
3,1741359177E-03
5,3531180910E 02
=5.8913347980E-03

-2,0119120305E-03
5.4962257587€E-03
5.3530722754F 02

~1.2081754062E~02

-2.57355147p1E-03
8,4376227984E-03
5.3529792174F 02

-2.1343558134E-02

~2.9681271866E-03
1.2248665309F =02
5.3528171614F 02
-3.5386882050E~-02

~2,6951511963E-03
1.7129860661F-02
5.3525622661F 02
~5.6236494653F-02

~9.86584094501E-04
2,3165194003€~02
5,3521919325F 02
-8,5972919220F-02

2.6810181920€-03
3.0015046450E~-02
5.3516849616F 92
-1,2475786584E-01

8.1876080304E~03
3.6891141876E-02
5.3510287224F 02
~1,6977873084E-01

1,8976410B876E-02
4,4834573182E-02
5.3502352129E 02
~2.2999859748E-01

3.,2997994109E-02
5,2249887837€-02
5.3493227222F 02
-2.9544413715F-01

5.5003431684E-02
6.0054431765E-02
5.3483325165E 02
-3.7703096748E-01

8,5644337684E~02
6,7697360074F-02
5,3473245555E 02
-4.7277072B45E-01

1.2211542523E=01
7.4091658292E-02
5.3463609780E 02
~5.7208698839E-01

1,6193110389€~01
7,8909255597E-02
5.3455168547F 02
~6.6803755015E~01

2.0745179831E-01
8.23783n5516€E-02
5,3448774786€ 02
«7.6410733820E-01

2.4569013448E-01
8.4033550958E-02
5.3444744551F 02
-8.3618118425E-01

2,6912255935€~01
8.4431060711E=02
5.3443381407€ 02
-8.7490351314€-01

2,5582464727E-01
8,45087523132E-02
5,34435671658F 02
-8,56794408189€-~01

~1.1440575004E
*1.1440464525€6

~3.7106870800F
-3.7106368317¢

=1,1924825078€
~1.1924677331E

=3,3616354694E
=3.3616021176E

=8,2198235635E
~8,2157604679E

-1.8112218995E
*1.8112101470E

~3.54066366)4E
~3.5406467326E

=6.2735288631F
~€.2735062676E

=1,0272798239E
~1.,0272769997€

=1.5770217530€
-1.%2770193598E

~2.2723830359E
=2.2923792354F

~3.1710%10798E
~3.1710470324F

+*4,1915713409E
~4.191567091L7E

~5,3329786050E
~5.3329744578¢

=6.,5474206777E
54741643436

»7.7780664540E
<7.7780626406E

~-8,5593253383E
=8.9593204705€

=~1,0086543114E
~1.0086538723E

=1.1106202739€
=1.1106193437€

~1,2157018249€
=1.2157009419€

-1.3261880868E
=1.3261860099E
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Appendix 2.3. Program ANPER.

PROCEDURE PF(MsMS,E/E1,ALD,BE0,A0,EXZ04ALS,BES,AS,EXZS,F)
VALUE M,MS,E,E1,A0,EXZ0,AS,EXZS ;
REAL M,MS,E,E1,AQ,EX20,AS,EXZS
ARRAY ALO,BEO,ALS,BES,F ;

8GGIN
REAL ES,ESA,XS,YS,2ZS,R,X,Y,Z,DvDX,DVDY,DVDZ,SUM,H,HCOS,HSIN 3
INTEGER L :

ARRAY U,US,DUDE,DVDU(1:4] ;

H i= E1-EXZ0«SQRT((M+MS)/M)*(AD/AS)+1,5*SINCE) ;

ESA = H ;

LOOP: ES 1= ESA-(ESA-EXZS+SIN(ESA)-H)/(1-EXZSwCOS(ESA)) ;
IF  ABS(ES~ESA) > w.-9 THEN
BEGIN ESA := ES ; GQOTQ LOOP END

HCOS := COS(ES/2) : HSIW :=z SIN(ES/2) ;

FOR L:= STEP 1 UNTIL 4 DO

US[L] := ALSIL)*HCOS+BESIL]}*HSIN

XS = US{1]1%US[11~-US(2]2US[2]1=USI31«USI3)+USL[4])~USI4] ;

YS 1= 2#(US[11%US[2]1-US(3)*JS[4}))

ZS = 2+(US[1)*US{31+USI21#US(4)) ;

HCOS :s COS(E/2) 3 HSIN := SIN(E/2)

FOR L:= STEP 1 UNTIL 4 DO
BEGIN
UIL) t3 ALOILI*HCOS+BEQ[LI*HSIN ;
DUDEIL] := =ALO[L)/2+HSIN+BEGIL)/24HCOS
END
R 3 UML)%U(1)+ul21#Ul21+UL3)wul3])+UlA4}wlId4] 3
X $5 UL1)#U(1)=Ul2)+U(21~Ul3I%U(3}+Ul4)1wUL4] ;
Y 12 2#(UlLi*ul2]~JI3IvJ{4)) 3
2 = 2«(UlL)wyl3)eU(2)2014)) 3
H = ((X=XS)¥(X=XS)+(Y-YS)w(Y=YS)+(2-ZS)*(Z-2S5))*1.5 ;
DVDX $3 (X=XS)/H : DVDY := (Y=YS)/H ; DVDZ := (Z-2S)/H }
H $= (XSeXS+YSHYS+ZIS*ZS)11,5

DVDX := ~MS«(DYDX+XS/H)
DVDY :3 -~MSw(DVDY+YS/H) ;
DVDZ := ~MS*{DVDZ+ZS/H) :
DVDUIL) = 2+ UlL)+«DVDX+4{2]1«0vDY+u[31¢DVD2) 3
DVDU{2) i= 2&(~U(2]+«DVDX+U{1]1«DVDY+U(4)«DVDZ) ;
DVDUI3) = 2w(=yl3]1«DVDX-U{4)*#DyDY+ul1])*DVDZ) ;
DVDUIL4) := 2«( Ul4)«DVDX-U[(31#DVDY+U[2])%DVD2Z)
SUM := UVDUlil'DUDCI11‘0VDU[2)iuUUE121*DVDU(J]*DUDEIJ)
+DVDU(4)»DUDE(4] ;
FOR =1 STEP 1 UNTIL 4 DO
BEGIN
FIL) = AO/M/2%(R#DVDU(L|+«4«DUDE[L]*SUM) 3
FlL+4) = FIL]}*HCOS
FIL) = =F(LI®HSIN ;
END
END PF

PROCEBDURE PDf 9UDELAN(M,ALO,BEQ,A0,EXZ0,1,DF9DDELAN, JKMAX) 3

VALUE M, A0,EXZ20,1,JK1AX

RBAL M,AQ0,EXZ0 ; [INTEGER [I,JKMAX

ARRAY ALO,BEO,DF9DDELAN ;

BEGIN
REAL MSu.,AUSQ
INTEGER J.K ;
MSQ = SQRT(M) ; ADSQ := SQRT(AQ)
FOR J:= STEP 1 UNTIL JKMAX-1 DO
FOR K:==-(JKMAX-1) STEP 1 UNTIL JrMAX-1 DO
BEQIN OUFYIDELANIJ,Ks1) = 0 3 DFYDUELANLJ,K.,2] 2 0 END
DFODDELAN(O,0,1) := ADSI/MS)*( IF <4 THEN ALO[I) ELSE

AE0I1-4))+A050/71SQ/72«( IF <4 THEN ALOII) ELSE EEO(1-4)) 3
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DFODDELAN{L1,0,1) := (ADSQ/MSQ*( IF [S4 THEN ALO(I)
-BEQ[I=~4))-EXZO0~A0SQA/HSQ/2«( IF IS4 THEN ALOII]}
BEO([1=4)))/2 3

DFODDELAN[1,0,2] = =(ADSQ/MSQ»( [F 1S4 THEN BEOLI)
ALOLI-41))/2 3

END PDF9DUELAN ;

RROCBDURE DFUURAN(JKMAX,F,A}
VALUE JKMAX ; INTEGER JKMAX ; ARRAY F.A ;
PEGIN
PROCEDURE SFOURAN(JMAX,F,A)
VALUE JMAX ; INTEGER JMAX 3 ARRAY F,A ;
BEGIN

INTEGER J,N,JNMOD2JMAX

ARRAY COSARRAY,SINARRAY[Q:Z2*UMAX~1) 3

FOR Jis0 STEP 1 UNTIL JMaX=1 DO

BEGIN
COSARRAYI[J) 3= C05(3,14159265367/JMAXRY) ;
SINARRAY{J) 1= SIN(3,1415926536/JIMAX*J) ;
COSARRAYL J+JMAX] ta ~COSARRAYIJ]}
SINARRAY[J+JMAX] i3 <SINARRAY(J] ;

END

AlO,11 :=

FOR N:=0

Af0,1) :=

AlD,2) =

FOR J:=

BEGIN
Alu,1) t= 0 5 AlJ,2) := H
FOR N:=0 STEP 1 UNTIL 2#JMAX-1 DO
BEGIN

0 ;
STEP 1 UNTIL 2+JMAXx-1 DO
AlO,L1+FIN] 3

0

1 STEP 1 UNTIL JMax-1 DO

‘ELSE
‘ELSE

‘ELSE

JNMOD2JMAX = JaN<ENTJER(JNN/(22JMAX) ) *2¥JMAX

AlJ,L] 1= A[J,1]1+FINI*CUOSARRAY [ JNMOD2JVMAX]
AlJ,2) 1= ALJ,2)=FINI«SINARRAY {UNMOD2JMAX]
END !
END
FOR J:
BEGIN
AlJ,1]
AlJg,2)
END
END 3+ DURAN
INTEGER J,K ; ARRAY AI(0:!JKMAX=1,132],FI10322JKV;AX]
FOR K:i=0 STEP 1 UNTIL 2«JKHAX DO
BEGIN

0 STEP | WUNTIL JMaX-1 DO

AlLJs11/7270MAX 3
A{J,2172/7JMAX 3

}
H

FOR J:=0 STEP 1 UNTIL 2«JKMAX DO FI{J) i= Ft[JsK]) 3}

SFOURAN(JKMAX,FI1,Al) ;
FOR J:=0 STEP 1 UNTIL JKMAX-1 DO
BEGIN
FlJd,sK) 2= AI(J,1)
FLJ*JKMAX, K]} = AlLJ,2)
END
END
FOR J:= STEP 1 UNTIL JKMAX=1 DO
BEGIN

FOR K:i=0 STEP 1 UNTIL 2+JKMAX DO FIIK] 3= F(J,K) ;

SFOURANCUKMAX,FI,AL)Y ;
FOR K:=0 STEP 1 UNTIL JKMAX-1 DO
BEGIN
FiJrK] = AJI(K,1)
FlJsK+JKMAX) 2 AT(K,21
END

FOR S STEP 1 UNTIL 2«JaMAX DO FILK) = F(JeUKMAX,K):

SFOURAN(JUKMAX,FI,AlY ;
FOR x:=0 STEP 1 UNTIL JkMAX~1 DO
BEGIN
FiJeJKMAX, K] := AL[{K,1) 3
FLJ*JKMAX, K+ JKHAX] 33 AL[K.2) ;
END
END
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FOR J:=0 STEP 1 UNTIL JKMAX-1 DO

FOR K:30 STEP 1 UNTIL JKMAX-1 DO

BEGIN
A[JlKli) = FLJ,KI~F{J+JKMAX,K*JKMAX]
AlJ,Ke2) 03 FIJK+JKMAX] #F [JSJIKMAX,K]) 3
AlJ,=K,y1) 2 FLU,KI+F{JIeJKMAX, KR+JKMAX]
AlJ,=K,2) 2 aF[J,KeJKMAX] ¢F [J*JKMAX,K]

GEND

END DFOURAN ;

PROCBDURE DFOURINT(JKMAX,A,C,D,X0) :
:ALUE JKMAX,C,D,X0 3 INTEGER JKMAX ; RBAL C,D 3 ARRAY A
BGIN
COMMENT INTASUMCA{J.K, L) +IoAlJ K, 2] )*EtT(JIX+K(DX+C))) =3
AL0,0,2) #(X~X0)+SUMCA[J, K, L1+10A[JsK,2))I%E2T1(UX+K(DX+L)))
INTEGER J,K ; REAL H,HCOS,HSIN ;
FOR J:=0 STEP 1 UNTIL JKMAXx-1i DO
FOR t==(JKMAX-1) SYEP 1 UNTIL JKMAX-1 DO
IF  J#0 v K20 THEN
BEGIN
H i3 A[J,K,2]7CJ+K#D) 3}
AlLJ,Ks2] 33 =ALJ,KaLl)/7(J*KeD) 3
AlJ,K,11 i3 H 3
END
ELSE
‘[0!0021 i= A[O0,0,1) 3
ALO,0,1) 3= 0 }
HCOS := COS(J*X0+K*(D*X0+C)) ) HSIN :8% SIN(J*XO+K#(D*X0+C)) 3}
FOR J:= STEP 1 UNTIL JKMAX-1 DO
FOR K:=-(JKMAX-1) STEP 1 UNTIL JKMAX~-1 DO
Al0.0,1) i3 ALD,0,1)~¢ IF J#0 THEN 2 ELSE IF  J30AK30 THEN
1 ELSE 0)*(A[J,K,1]*HCOS=A(J,K,2]*HSIN) ;
END DFOQURINT ;

PROCBDURE DFOURPRODSP(JKMAX,A,8,C) 3
INTEGER JKMAX 3 ARRAY A,B,C 3
BEGIN COMMENT SUM(ATJWK,11+1#AlJ,K,2))*ELI(IX+KY)
¢ ((B(=1,0,1)+I+B[-1,0,2})#E*-IX + Bi{0,0,1) + (B{1,0,1)
«I#B{1,0,21)#E*IX) =! SUM(C(J,Ki1)+]iaClJU,K,2))*EtI(IX+KY) }
INTEGER J.,K
FOR t==(JKMAX-1) STEP 1 UNTIL JKMAX=-1 DO
BEGIN
Clo,Ks31] = A[1.,Ks1]*Bl1,0,1]+Al1,K.2]*B(1,0.2]
+Al0,K,1)%Bl0,0,1)+AlL,=K,1)*B11,0,1)+Al1,~K,2)%B(1.,0,2) ;
Cio,Ks2) 2= =-A[1,K,1)#B[1,0,2]1+A{1,K,2)%8[1,0,1)
*AIOIKlzl'B(01051]*A(lo'K:ll'B(1!0121"‘1:'K!2]'B[1!051) ;
FOR iz STEP 1 UNTIL JKMAX-2 DO
BEGIN
ClJdsKs1) 3 A[Je1,K,1]1%B(1,0,1)¢A[U+1.,K,2)*B(1,0,2)
SALY,K,1L1%B{0,0,1)+AlJU=1,K,1)*B(1,0,1)
-AlJ-l.K:Zl'BIL,O;Zl H
ClJ,K,2) 3 =A[J+1,K,1)#B8[1,0,2]+A(J+1,K,2])%B(1,0,1)
*A(J,Ks2)23(0,0,1)+¢AlJ-1,K,1])%B(1,0,2)
+A{J=1,K,21«B(1,0.,1}
BND
CLIKMAX=1,Ks1] = A[JKMAX=1,K,11%#B{0,0,1)+AlJKMAX=-2,K,1)
#B(1,0,1)-AlJKMAX=2,K,2]1*6[1,0,2] }
CLIUKHAX=1,K»2) = A[JKMAX=1,K,2)%B(0,0,1)+A{JKMAX~2,K,1)
. #B(1,0,2)+AlJKMAX=2,K,2)*BI(L,0,2) }
ND

]
END DFOURPRODSP 3}
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PROCEDURE DFOUREV(X»X0, JKMAX,A,C,D,AEV) ;

VALUE X, X0,JKMAXsC,D ;

REAL X,X0,C.D,AEV 3 INTEGER JKMAX ; ARRAY A ;

PEGIN
INTEGER J,K ;
AEY := A(0.0,1)+A00,0,2]1#(X=X0) ;
FOR K:ai STEP 1 UNTIL JKMAX-1 DO
AEV i3 AEV+2+A[0,K,1]*CIS(K*(DeX+C))=2%A[0,K,2]4SIN(K*(L*X+C)) ;
FOR J:= STEP 1 UNTIL JKMAX-1 DO
FOR K:==~{JKMAX-1) STEP 1 UNTIL JKMAX=1 DO
AEV t= AEV+2#ALJ,K,1]1#COS(JeX+Kw(D*X+C)I=22A1J,Ks2)#SINCIuX

) +Ka(D*X+C))
:END DFOUREV ;

REAL M,MS,E0,ESD,A0,EXZ3,AS,EXZS,D,C,RES, TF,TFT ;

INTEQER JUKMAX,J,K.,1 ;

ARRAY ALO,BEO,ALS,BES{1:4} ;

FORMAT INF := '"'(5H EO =,F14,10/6H ALPHA,3X,4E20.10/5H BETA,4X,
4E20.10/716H SEMI=MAJOR AX1S,E20.10/13H ECCENTRICITY,E20.10/49H T =,
E18,10,13H » (E-E0) +,E20,10,19H * (SIN(E)=SINCEO)))''

DATA [IN:
READ(M,E0,ALO(1]),ALOt2).ALO{3),ALO(4),8E0(1],BEO[2]),BEOI3),HEQ(4]) }
CUTPUT(51, ' * (13H1CENTRAL MASS//44 M =,E18.10/7//

22H SATELLITE UNPERTURBED/)'',M) 3
AD = ALO[L)®ALOI1)*ALOI2]1#ALO[2)+ALOI3]*ALO(3)+ALOT4)*ALOLS)
EXZ0 := BEUL1I~BEO[1]+BEO[2]1*BEOL2)+HEC(3)#BEQ(31+BEQ[4)+BECG(4]
AQ $= (AD+EXZ20)/2 ;
EXZ0 = (=AQ+EXZO)/AD ;
CUTPUT(51, INF,EQ,ALOIL),ALO[2]),AL0(3),AL0(4),BEOI1},BEQL2],BE0{3),
BEO{4),A0,EXZ0,A0*1,5/SQRT(M),~EXZ0*«AQ*1,5/SQART(M)) ;
KREAD(MS,ESO,ALS(1),ALSE2},ALSI3),ALS(4),8ES{1),BES[2),BESI3),BES(4])}
CUTPUT(S51,''(///16H PERTURBING MASS//4H M 3,E18.10)'',M8) ;
AS 1= ALS[L)®ALSI1)+ALSI2)%ALS(2)+ALSI3)#ALSI3)1+ALS(4]1wALS(4) ;
EXZS :2 BESI1)*BES[1)+BES[2)*BES(21+BES{S)*BES[3)1+BES(4)*BES({4} 3
AS = (AS+EXZS)/2 ;
EXZS i3 (~AS+EXZS)/AS ;
CUTPUT (51, INF,ESO+ALSI1]},ALSI2),ALS({3),ALSI4],BES(1]),BESI2),6ESI3]),
BES(4),AS)EXZS,AS*1.5/SQRT(41+MS),=EXZSwAS*+1,5/SQRT(M+MS))
READ(JKMAX) 3
CUTPUT(SL,''(//7/
59H APPROXIMATION OF THE FQURIER SERIES BY FOURIER POLYNGMIALS//
8H JKMAX =,15)"',JKMAX)
READ(TF,TFT) 3
RESCNANCE ANALYS]S:
L 2 SQRT(1+MS/M)*(AQ/AS)*1,5 }
C ix ESQO~EXIS*SIN(ESO)~D*(EO0~EXZA*SIN(&0))
CUTPUT(51,''(///19H RESONANCE ANALYSIS//5H E1l =,F13.10,6H *» E »,
Fi14,10/)'',D.C)
RES = 1 3
FOR J:=i1 STEP 1 UNTIL 2#JKMAX DO
BEGIN
I i= ENTIERCGJ/DD
FOR K:=li~1,1,1+1,1+2 DO
IF  ABS(J=K=#D) < RES THEN
DEGIN
RES :3 ABS(J-Kw)) 3
QUTPUT(S5L, ' " (1X, 14,24 =,14,2H *,F15,10,4H 2,F15.10)',
JeKaD,J=Kn]) ;
END
‘END 3
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FIRET ORDER PERTURBATIONS:
CUTPUT(51,"* (26H1FIRST ORDER PERTURBATIONS)'') 3
REWIND(1) ; REWIND(2) ;
FOR J:=0 STEP 1 UNTIL 2+JKMAX DO
BBG]N
ARRAY F(1:8),FK{1:8,0:2«JKHAX] 3
FOR K:= STEP 1 UNTIL 2#JKMAX DO
OEQIN
PF(M,MS,3,1415926536/JKMAX%J,3,1415926536/JKMAX*K,»ALO,BEQ,
AO,EXZ0,ALS,BES,AS,EXZS,F)
FOR I:= STEP 1 UNTIL 8 DO Fkli,K) = F{I] 3
END
BINWRITE(2, FOR [:=1 STBP 1 UNTIL 8 DO ( FOR Kiz0 STEP
1 UNTIL 2+JKMAX DO FKII,K})) ;

END
FOR I:x1 STEP 1 UNTIL 8 DO
B8GIN

INTEGER 1
ARRAY FUKIO:24JKMAX,0:2wJKMAX],DELIOIJKMAX-1,~(JKFAX=1)JKMAX=1,
1:2)
REWIND(2) ;
FOR J:= STEP 1 UNTIL 2#JKMAX DO
BINREAD(2, FOR 1Il:= STEP 1 UNTIL | DO ¢ FOR K:=0 STEP
1 UNTIL 2wJKMAX DO FJKUJ,KI1)) 3
DFOURAN(JKMAX, FJK,DEL)
DFOQURINT (JKMAX,DEL,C,D,EQ) 3
BINWRITE(L, FOR J:=0 STEBP 1 UNTIL JKMAX-1 DO ( FOR
Kia~(JKMAX=1) STEBP 1 UNTIL JKMAX~1 DO
(DELIJsK,1}sDELIJsK,21)))
IF 154 THEN
QUTPUT(S1,"''(////8H D ALPHA,12,4H *,E8,0//)',1,TF)
BLSE
QUTRPUT(S1,''(///7/7H D BETA,12,4H *,E8,0//7)'',1-4,TF) 3
OUTPUT(51, "' (15H SECULAR TERM =,F313,0,118 * (E~EQ0)//2X,1FE,2X,
2HEL1,10X,3HC0S,11X,34SIN,8X,LHE,2X,2HEL,10X,3HCCS,11X,3FSIN,8X,
1HE,2Xs2HE1,10X,3HCOS, 11X, 3HSIN/) "', TF*DEL[0,0,2))
OUTPUT(L1,' ' (13,14,F14.0)"'',0,0,TF*DELI0,C,1)) 3
FOR =1 STEP 1 UNTIL JKMAX~%{ DO
OUTPUT(51,''(]3,14,2F14,0)"",0,K,2*TF*DEL[0,K,11,
=2+ TF*DEL(0,K,21) 3
FOR J:=1 STEP 3 UNTIL JKMAX-3 DO
BEGIN
QUTPUT(S1, "' (1X)* ")
FOR tE-(JKMAX-1) STEP { UNTIL JKMAX-1 DO
OUTPUT(51, "' (I13,14,2F14.0,4X,214,2F14.0,4%,214,2F14,0)"",4,K,
2*TF*DELEJIK 1), ~2«TF#DEL[J)K,2)5J*1, K, 22 TFwDEL(J+1,K,1),
“2#TFRDEL{J+1,K,2],J+2,Ks2%TFaDEL{J+2,K,1],~2*TF
*UDEL[J+2,K,21) 3
END

END
REWIND(1) ; REWIND(2) ;
FOR 1:=1 STEP 1 WUNTIL 8 DO
BBGIN
REAL DELY1I,DEL92! ;
ARRAY [UEL,DF9DDELAN,DELOI(0IJKMAX=1,=(JKMAX=1):iJKFAX=1,1%2]) 3}
BINREAD(1, FOR J:= STEP 1 WUNTIL JKMAX=1 DO ( FOR
Kia-(JKMAX=-1) STEP 1 UNTIL JKMAX~1 DO
(DELLJsK,21,DELIJ,K,21))) 3
DEL(0,0,1) := DEL(O,Q,1)-DEL(0,0,2)%E0
PDF9DDELAN(M,ALO,BZ50,A0,EXZ0, [, DF9DDELAN, JKMAX) 3
DEL91I := DFYDDELA4{1,0,11#DELIO,0,2) 3
DEL92] :=3 DHF9DDELAN(1,0,2]1#DELID,052) 3
DEL{0,0,2] := 0 ;
DF OURPRODSP ( JKMAX, DEL ,DF9DDELAN, DELYI) 3
BINWRITE(2, FOR J:=0 STEP 1 UNTIL JKMAX-1 DO ( FOR
Ki==(JKMAX=1) STEP 1 UNTIL JnMAX~1 DO
(DELYILJ,K,1),DEL9I[J,K,21)),DELYLIL,DELI2D) ;
END
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REWIND(2)
BEGIN
REAL DEL91,DEL92,DEL91I,DEL92]
ARRAY DEL9,DELOI[0:JKMAX=1,=(JKMAX~1) JKMAX=1,1:2] i

DEL91 := 0 ; DEL92 := 0

FOR J:=0 STEPF 1 UNTIL JK¥AX-1 DO

FOR K:=~(JKMAX-1) STERP 1 UNTIL JKkMAX-1 DO
BEQIN DEL9LJ,K,L) = 0 ; DEL9{J.K,2] 3 0 END
FOR I:=1 STEP 1 UNTIL 8 DO

BEGIN

BINREAD(2, FOR Ji=20 STAP 1 UNTIL JKMAX-1 .DO . ( FOR
K:==(JKMAX=1) STEP 1 UNTIL JKMAX-1 DO
(DELS9I[JrK,11,DEL9I(J,Ks2))),DELSLL,DELS2I)

DEL91 = DEL91+DEL9LI ; ODEL92 i= DEL9Z2+DEL92I

FOR Ji= STEP 1 UNTIL JkMAX-1 DO

FOR Ki=-(JKMAX~1) STEP { UNTIL JKMAX-1 DO

BEGIN
DEL9LU,Ks1] = DELO(J,K.1)+DELII(JsK, L)
DEL9[J,Ke2] = DELI(J.K,2])+DELII(JNK,2) 3
END
END

DFQURINT (JKMAX,DEL9,C,D,E0)

DEL9(0,0,1]) := DELOIO,0,1]1=2»COS(EO)*DEL91+2+SINCED)*DELYE }

pEL9(1,0.,1] = DEL9{1,0,1)+DEL91 }

DEL9{1,0,2] = DEL9[1,0,2]1+DEL92 }

BINWRITE(L, FOR J:a0 STEP 1 UNTIL JkMAX-1 DO ( FQR
Kiz=(JKMAX=1) STEP 1 UNTIL JKMAX-1 DO
(DEL9(J,K,1],DEL91J,K,2))),DELDL,DELI2)

QUTPUT(SL,''(//7//84 D T *,E8,0///16H SECULAR TERNMS 3,F13.0,
11H = (E-E0)/16X,F13,0,28H * (E*COS(E)~EQ*CCS(EQ))I/16X,
F13.0+26H * (E«SIN(E)=BO®SIN(EO0))//2X,1HE,2X,2HEL,10X,3HCOS,
11X, 3HSIN,8X,1HE,2X,2HEL, 10X, 3HCUS, 11X, 3HSIN,8X,1HE,2X,2HEL,
10X,3HCOS,11X,3HSIN/Y Y,
TFT,TET#DELD[0,0,2),2«TFT#0QEL92,2*TFT*DELYL) 3

QUTPUT(51,'*(13,14,F14.0)'",0,C,TFT«DEL9(0,0,1)) 3

FOR K:=1 STEP 1 UNTIL JKMAXx-1 DO

QUTPUT(S1,"* (13,14,2F14.0)'',0,K,2*TFT*DELY[0,K,1)>
-2#TF T*DELS(0,K,2))

FOR t=1 STEP 3 UNTIL JKMAX-3 DO

BEQIN
QUTPUT(S51, " " (1X)'')y
FOR Ki=-(JKMAX-1) STEP 1 UNTIL JKkMAX-1 DO
OUTPUT(S1,"*(13,14,2F14,0,4X%,214,2F14.0,4%,214,2F14,0)"'",

JoKe 2o TFTwDELI{U,K,1],=2%TFT*DELI[JUsK,2),
J+1,K, 2*TFTDEL9(J+1,K,1),=2*«TFT*DELI(J+1,K,2]),
J¥2,K,2%TFT#IELO[J+2,K, 1], =2%TFT#DELOLJ*2,K,2])) ;

END
END
EVALUATION OF THE SERIES:
BEGIN

REAL E,UELEV,DEL91,DEL92,T 3 INTEGER 11,12 ;
ARRAY DELI[O:JKMAX-1,~(JKMAX=1)¢JKMAX=1,1:2])
READ(I) 3
IF 1#0 THEN OQUTRPUT(51,''(25H1EVALUAT]CN OF THE SERIES)'') 3
FOR 11:= STEP 1 UNTIL I DO
BEQIN
READ(E)
BUTPUT(S1,'*(////4H E =,F14.10/26X,11HUNPERTURBED,»9X,
1Z2HPERTURBATION,9X, 9HPERTURBEU/10X,» SHALPHA) ' ' ,E) 3
REWIND(1)
FOR 12:=1 STEP 1 UNTIL 4 DO
BEGIN
BINREAD(1, FOR J:=20 STEP 1 WUNTIL JKMAX=-1 DO (¢ FOR
Ki==(JKMAX~1) STEP 1 UNTIL vKMAX-1 DO
(DELI(J,K,1).DELIJK,21)))
DFOUREV(E,ED, JKMAX, DEL,C,U,DELEY) 3
ENDQUIPUT(Sl."IZOX:SEZO.io)".ALU(lZ).DELEV.ALO(lZl*DELEv) H

83



QUTPUT(S1, Y (10X, 4HBETA)Y'")
FOR 12:= STEP 1 UNTIL 4 DO
BEGIN .

BINREAD(1, FOR J:20 STEP 1 WUNTIL JKMAX-1 DO ( FOR
K:s~(JKMAX-1) STBR 1 UNTIL JKMAX=-1 DO
(DEL{J,K,1),DELIJ,K,21))) 3

DFOUREV(E,EQ, JKMAX,DEL,C,D,DELEV) 3

DUTPUT(51,''(20X,3620,10)'',BEO(I2),DELEV,BEO{I2}+VELEY) ;

END

BINREAD(1, FOR J:a30 STEP 1 UNTIL JKMAX-1 DO < FOR
K:3=(JKMAX=1) STEP 1 UNTIL JKMAX-1 DO
(DEL{J,Ks11,DELIJ,K,2))),DELI9L,DELS2)

DFOQUREV(E,EQ, JKXMAX,DEL,C.,D,DELEV) 3

DELEV 32 2#DEL92+(E*COS(E)=EQ*COS(ED))+2+DELILI*(E*SIN(E)
~EO#SIN(ED))+DELEV ;

T 13 AOt1,.5/SQRT(M)*((E~E0)~EXZ0~(SINCE)~SIN(EQ))) 3

QUTPUT(51,''(/410X,1HT,9X,3820.10)" ', T,DELEV, T4DELEV)

END
END
CUTPUT(51,''(//////11H END QUTRUT)'') ;
BND
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Appendix 2.4. Output of program ANPER. Fourth example,

CENTRAL NasSS
K:= 1,0000008000E 00

SATELLITE UNPERTURBED

EQ = [}
ALPHA 7.0710678118E=01 ) 1.0000000000E 00 0
SETA 1,0000000000E 00 1.0000000000E 00  -7,0710678118E«01  «1,414213%624E 00

SENI=MAJOR AXIS 3,0000000000F 00
ECCENTRICITY 4,9999999999E=01
T ® 5.1961524227E qp « (E~E0) - =2.5980762114E 00 * (SINCE)=SIN(EpQ))}

PERTUREING MWASS
: ® 1.0000000000E~-02
-

:E::A 3.0000000000€ 00 n 3.0000000000E 0
0 3.0000000000€ 00

SBR1-MAJOR AXIS 1.8000000000E 01 908 o °
ECCENTRICITY 0

T s 7.5988534829E 01 » (E~E0) + =0 ¢ (SIN(E)=SINCEO))

0
=3.0000000000€ 00

APPROXIFMATION OF THE FOURIEA SERIES BY FOURIER POLYNOMIALS
JEMAX = 13

RESONANCE ANALYSIS

EL = ,0683807424 % E + 0
1 -~ 13 e ,06B83807424 = .1110503494
1 - 14 « 0683807424 = .0426696070
1 - 15 « ,0683#p7424 = ~,0257111353
2 =~ 29 » 0683807424 L] 0169584717
3 - 44« 0683807424 *  -,0087526636
5~ 73 e ,0683807424 = .00620568089
8 - 117 « .0683R807424 ®  ~.0005488554

FIRST CRDER PERTURBATIONS

D ALPHA 1 . 1E 14

SECULAR TERM = 275947504 » (E-£0)

E El cos SIN £ Et €0s SIN € E1 cos SIN
0 0 34081166103

0 1 -3015179143  -3860292829

0 2 -28107172082 -~30626281948

0o 3 3212603509 473242653p

0 4 -378689109 -778492691

e 5 41934877 132542819

0 6 ~3689407 «22885097

0o 7 50795 3968004

[ 92879 -686471

e 9 34153 117906

0 10 9166 ~20013

0 11 ~2168 3342

0 12 458 =560

1 -12 2303 6428 2 17 1887 3 -12 =568 1527
1 -11 ~5004 ~24228 2 =1360 8666 3 -ty 3636 6612
1 ~10 5380 96623 2 12173 ~380840 3 ~10 - ~20956 27570
1 -9 36772 ~394696 2 -82204 169319 3 -9 112202 *109389
1 -8 =400077 1624170 2 488758 «7130869 3 - ~£64932 408581
1 =7 2738195 ~6656752 2 2680999 2883938 3 =7 2677481 -1387379
1 =6 16094494 26903298 2 13791445 «10969819 3 -8 11835369 4032664
1 -5 87186255 ~106000613 2 -65548032 38374159 3 -5 47627154 -8371713
1 4 ~44464655% 400609482 2 297081710 =115108193 3 -4 -164362673 1208256
1 =3 2136046561  -1402294290 2 =3 -1166002161 252292767 3 -3 407645882 100957562
1 =2 -9359996203 4369492102 2 -2 3291249051 77515843 3 -2 -4408054896 ~46682173)
1 -1 532758988 532558535 2 -1 -401825744 266533504 3 - 122022511 106595169
1 0 -2273519972 -430785509 2 n 846486879 243758879 3 0 51729013 ~118971655
101 464804596 25783603 2 1 -142150513 23841479 3 1 24761486 20136313
12 469844040 1649072456 FE] 53071443 -118028738 3 2 6962909 =501412
103 -57473137 ~352537867 2 3 ~15741467 42480499 3 3 3726154 ~2076612
1 4 2219937 71631240 2 4 4684735 -9881782 3 4 -1217364 770296
1 5 1475683 =13998751 2 3 ~1282004 2061932 3 s 337303 187072
T 6 5664042 2657102 2 s 324861 ~40071% 3 6 -85157 37153
1 2 200030 -491072 2 7 -77629 73479 3 7 20347 -6212
18 ~51772 88334 2 A 17716 -12710 3 8 ~4539 812
19 12329 ~15422 2 9 =3896 2048 3 9 983 ~48
1 10 -2780 2598 2 19 a3g -298 3 10 -205 -16
T 11 598 =421 2 1t =169 41 3 1 a1 1
112 =111 84 2 12 26 -33 3 12 .11 37
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3
CONOVMAWN O~

cos

993
~5184
25539

=118848
519383
=209%9780
7616931
-23194927
49895948
~46408442
2778991
~1403017
1793137
11602
509590
-271227
144293
~50458
14371
-3639
850

-187

39

=10

20

=860
2989
-9342
25075
~52602
67094
-4060
-56884
61481
=-2%743
39328
-12761

-37
236
=281
314
197
211
~33

-14
-3
-0
-0
-0
-0
<0
-0

-3

SIN

-1196
4657
~16954
55532
-156548
302636
100434
=4432082
24117595
~57849068
12831040
=~27175508
7116746
-3940146
1057683
-184391
26541
-4856
1a28
=749

265

-82

21

4

-42

~75

711
-3801
15499
-49603
117348
-166367
Jip4l
-105640
7958
~17846
4408
=900

660
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-74

43

-20

8

-3

EERURURCRERCRCRT SURCRCRURY B RV RV RV RURC SV RUAY )

CPECPP PP RPREIETDIIIPO DO OD DD ®

-2

cos

~1215
8565
-24064
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1181498
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-4242510
«804785
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-258537
532360
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52185
=709
5729
3688
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410
104
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-6

7

-34

489
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3381
~6114
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~10421
11520
~4686
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2086
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-0
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-1
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-1
0

[
~0
[
-0
0
-0
-0
~q
0
-0
0
-1
1
-3
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SIN

744
-2387
6404
=11108
~1311%
233959
-1271424
4499648
-943279%
1865628
4791539
1150298
~904866
338371
-129588
45992
~1332%
4226
~1315
394

-112

30

=6

-8

38

209
~878
3039

=8461
17413
21091
3392
13993
=1005
~1£09
=219

554
-22%

205

-7%
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-9
2
0
-0
0

-
CODPNORNAUNID

-
o

=12

[
-
o

(RN
CRNORSUNMORRNWANRNDO

cos

1155
-4655
17437

“55334
176122
»420377
659237
~299118
~266453
279197
*113554
173370
-54622
3s220
-11887
3992
-916
110

=12
-1

-9
44

=199

-632
264
1179
-1758
19¢6
-748
1310
~315
365
-126

=30
i2
-5
-1

-0
-0

-2

=21

SIN

=269
396
IQZO
=177y
69351
263333
751797
~1271126
250861
~741716
130374
«143360

-2572
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SBC

MPPREERREPE N PR AN AR AR e 0000CO0000000S m

EVa

ENC

. 1E 14

ULAF TERMS = 33164546416 » (E-f0)
10545733673 » (5+COS(E}=RO*CNS(EN))
7627611101 % (EwSIN(E}=E0®SIN(ED))

E1 c0s
¢ =-11505645088
1 21365564621
2 -33987863205
3 8212318157
4 1002924203
5 420928879
6 =91195562
H 19609821
8 -4220800
9 916806
10 =203010
11 46504
12 ~10951
-12 «77876
-11 240445
-10 ~830906
-9 3nN44459
-8 -11462752
<7 43318093
-8 -160077712
-5 852632476
4 -1572113587
-3 1432287429

-2 40329233934
=1 22734762425
0 ~11796390%00
1 0547955560
2 =22441036241
3 3283205066
4 ~516533297
5 84511566
6 =14086889
7 23659647
8 -398017
9 66783
10 ~11136
11 1827
12 =245

SN

~28685093497
160175750664
24035014525
3743615524
~598881638
96617531
~15515659
2438500
-364061
47919

-3983

-B48

-21987
107417
-528871
2626021
~13205%628
67342349
-349286079
1853243006
-1n0174502822
58862293100
~380255199016
246079408841
185699678144
-18691211525
37714860668
-4037451117
461442251
~58798306
7048744
-781824
69944

-1861

-132%

502

-132

LUAYION OF THE SERIES

80.0000n00000

ALPHA

BETA

QUTRUT

UNPERTURBEN

7.0710678118F-n1
]

1.0000000007F 00
]

1.0000000009F 00
1.0000000000F A0
~7.071067A118F~01
~-1.4142135624F nn

4,1827439227F @2

€

NRNNRNURNRNVRNNRONVRNNRNRND NN BN DN

El [o:1]
-12 -22605
-11 64266
=10 -189739

-9 585290

-8 ~1539407

=7 3752486

-4 -6470129

LE] ~2824%03

-4 92137645

-3 “477346760

-2 762108197

-1 -429056181

n 3311723606
1 -103323835
2 -26939283
3 -15623625
4 6126680
3 -1603778
] 362191
7 -75506
9 14915
? ~2825

10 515

1t -87

12 1

etc.

PERTURBATION

7,3143459083E~04
~2.5493975552€-03
1.494654N0171E=03
3.1952645720E-04
~5.5n0A33833139€~04
4.947340°72166=04
4.9363897422E-04
1.36R2831436E~03

2.1180003860E-02

817

SIN

-15650
59899
~235769
9355664
-3693860
14353117
~54184411
154805948
=-640086722
1728563395
-2142913678
1539865897
32410592
14354473
99482891
2424991
—1762946
319984
-27736
~4263

2643

~-987

268

-63

10

PERTURBED

7.0783841579E-01
=-2.5493975552E-03
1.0016945540E 00
3.1652645720E~04

9.9944916165E-01
1.0004947340E 00
~7.0665314221E=01
-1.4128452792E 00

4,1829957220€ 02

€ G Gl T ot Dok Gl G Gl b o Gl o o Gl o G o L

El

OBNCWALUNE O

Tl
e o

cos

896
~2826
7880
-16946
13979
106393
«679995
1472965
8611642
-93720362
245666128
-128849550
252154856
40169326
34555371
~6335954
965692
-126243
13297
“747

-129

62

.16

3

2

SIN

1213
-5266
21645

~£3083
288848
~841135
1498152
36872645
-57527793
16565611
-10912€5937
52652384
-147578653
7354412
~11196271
1342823
-¢722,
-8622
2752

~236

-84

50

.17

4
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3. THE RESTRICTED ELLIPTIC THREE - BODY PROBLEM

by J. Waldvogel

3.1 Theory

In sections 1.1.2 and 1.2.2 the restricted circular three-body problem has
been considered (computation of a particle's orbit in the force field of two at-
tracting centers -~ referred to as earth and moon - on the assumption that the
moon's orbit about the earth 1s a clrcle). In the 3-dimensional case the simultane-
ous regularization at both attracting centers could be carried out by the use of

the B3-transformation.

In the sequel we develop the regularization of the more general restricted
elliptic three-body problem, but we content ourselves with the important points of

the methods and proofs. A detailed analysls is contained in [4].

In the restricted eliliptic three-body problem we agaln consider a particle of
negligible mass moving in the force field of the earth and the moon, but the moon
is allowed to move on a Kepler ellipse. The fact that the particle has negllgible
mass is the only assumption distinguishing the restricted elliptic problem from the

general problem of the three bodies.

By means of a transformation to a sultable coordinate system the differential
equations governing the motion of the particle in the restricted elliptic problem
may be transformed to equations which are very similar to those governing the mo-
tion of the particle in the restricted circular problem. Consequently, the simuilta-
neous regularization of the restricted elliptic problem at both attracting centers

may also be carried out using the B3~transformation.

3.1.1 Equations of motion. Let 72 be a particle of negligible mass moving in
3-dimensional physical space. The forces acting on the particle are the Newtonlan
attractions of two attracting centers - referred to as earth and moon - having the
masses m, and 7, respectively. As these polint masses are not influenced by the
particle, they move about their center of gravity O on Kepler orbits. Only the
elliptic case of this Kepler motion is considered here,

We introduce a rectangular coordinate system 7,, 75, 7@ with origin &, ro-
tating about 1ts ?,—axis with angular veloclity @ 1in such a way that the earth
and the moon always lie on the 7,-axis. Thus the 7@,7k—plane is the orbital
plane of #7, and m,. The varying distance between the earth and the moon 1is de~
noted by €. Let % be the true anomaly of the Kepler motion; this may be defined
as the angle between the direction from the center of gravity to the pericenter of
the moon's orbit and the positive '%,-axis (Fig. 3.1). The orbit of the moon with
respect to a rectangular coordinate system centered at the earth (with axes of

constant direction) is referred to as the relative Kepler orbit.
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moon’s orbit

Z__L

pericenter

N

T2

Fig. 3.1. The restricted elliptic three-body problem.

From the theory of Kepler motion [6] we recall the relations

) 1+ ecasy (

Ly . - AVE s

7’2& cw i (3,2)
Here

A2 = pim,+ m,) (3,3)

1s the gravitational parameter, e the gravitational constant, and V= and € are
respectively the semilatus rectum and eccentricity of the relative Kepler ellipse.
In order to state the relationship between the true anomaly YW and the physical
time Z we also introduce the eccentric anomaly £ of the relative Kepler ellipse,

defined by
£ _ l/l::ﬁi K - £l <« 7 . 3.4

Then, introducing the semi-major axis @ of the relative Kepler ellipse given by

a= 7t
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Kepler's equation
A .
AL = a” (E- esinE) (3,5}
enables us to compute ¢ from a glven value of £.
Finally, in terms of the mass ratio /a, defined by either of
my = plmytmy),  m, = (1-p)(m,+m,), (3,6)

the coordlnates of the earth and the moon are

(~x& 0,0), (tr-p)€,0,0) (3,7)
respectively.

In order to establish the differential equatlons of the particle's motion in
the coordinate system 7,, Vs s 73, WE list the forces acting on the particle per
unit of mass (denoting differentiation with respect to physical time 7 by a dot):

centrifugal force (Cu"y, , w?* 72 5 O/

Coriolis force /2(4)7'1_, ~2w, , 0)

force caused by the - _ .

angular acceleration (w 72 » W T 4 )

gravitation (_/f’-ag?é’ —/fz%;é , _/,fz;); )
i 2. 73

Here ¢ 1s the gravitational potential

(3,3)(3,6) b= - ’—/;ﬁ - A (3.8)
7 2

and ., and ., are the distances of the particle from earth and moon respective-

1y, glven by

Pr= WVt p €+ 00008 s o= g rpl- 8/t 0 (3,9)

The equations of motion of the particle are

. . " . 2 D

7,—2w7z—w7,—w72=—/f55

Tt 2ey, - @iy 4+ &g o= —Kzg;‘i (3,10)
2

. - - K222

73 973 ’

As Scheibner [11] suggested in 1866 it is possible to reduce the restricted
elliptic three-body problem to the restricted circular problem by simple substlitu-
tions of the variables. For this purpose we introduce into (3,10) the true anomaly
¥ instead of the time as independent variable:
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d _ . 3,11
2 wdw . ( )

Denoting differentiation with respect to y/ by an accent, we obtain

(3,2)

e 7’ g 2 L d /7 Ve .
7 = wy’, 7% = @ 7+ w57, c= 52,3,

Using these relations in (3,10) we find

W'yl + we' gl 247y - 'y, ~ ey -~ KF gi;i
t4
cu"?,_’ + ww’7,_’+ 2007/ - w‘@ + we g, = - /\'"% (3,12)
2.
e & VY Z_EQ
&) - =
@ gy + wa y; A T
Taking 1nto account
(3,2) w __ 5 &
w g
(3,12) can be written as
7 _ _é’ 7 _ ’ ﬁ/ _ Kz 9¢
7 2( 27 2o " w* 2y,
o _,2 . i - _H*2d
72 2? % +27’/— 72-—22- 7, E 9?1 (3,13)
r_ 52 . _ _AT2®
w257 ol

Following Scheilbner's proposal we further introduce the dimensionless varia-

bles Y, defined by
Ze = €y, =123 (3,14)

and restate some of the preceding results (Iin particular the differential equations
(3,13) ) in terms of these dimensionless variables. In the V:-system the earth and

the moon occupy the fixed points

(3,7)(3,14) (~ee,0,0), (7-p¢, 0, 0) (3,15)

respectively. It is convenlent to lntroduce also the dimensionless distances

/r o)
- LT r, = 2
7 > 2 Z

which are the distances of the point /y,, Y2 .X!} from the points (3,15):

2 2 2
(3,9)(3,14) B O+t et 5 s = fopra—t) i g . (3,16)
Remembering that € 1is a function of ¥, we obtalin for the derivatives of 7‘- the

expressions
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(3,14) 7 =€y + &y , 7‘.’- !);.’f- 26’/);-’,& (:v‘. s =72,3.

Inserting these into (3,13) ylelds

- /2 z 9
wo-2st +[§-2(E) 1] = ~ 4 22
. , yd iz 2 9
¥ +2y; +[Z,‘—’ -2(5/—//)@ = —/J); 'a; (3,17)
g’ /12 3
i HAFE) I -5 G
By using the differentlial equation '
V4
(3,1) (’}/ * g‘, = ;/‘

satisfied by é—, the expresslon occurring twice on the left-hand side of (3,17) is

reduced to

s 12
_g_z[;ﬁ-’/—/ ——f .

Furthermore the common factor on the right-hand side of (3,17) may be written as
3
A _ €
(3,2) ——s = 5
£ w r
By finally substituting the dimensionless varlables 1into qb and its partial deriv-
atives,

- _p LIk K
¢ /of /o.z f( ,; G./’

26 124 _ 1 @ [ f-x K =

?7" e 9)(‘ 72 a)a{ 77 /;/J 4 ,;2)3)

the differential equations (3,17) of the restricted elliptic problem are trans-

formed into

2 , 1
W2y - - bl (FGE-E)- 5]

2y,
2 _
2yt R £ ] e
£ [2 . A - -
pt '",3['9—)6(“17;& L)=w]~x -

Tn the restricted circular problem (€ =0) € 1s constant (—/o ); therefore
the factor éiéb is the only correction to be made in order to generallize the cir-
ecular to the elliptic case. In the circular case also w 1is constant; thus the
transformations (3,11) and (3,14) are merely magnifications of the time and space

variables. These transformations then do no more than to introduce the special u~

nits defined at the beginning of section 1.1.2.
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In the next section the differential equations (3,18) will be regularized. Ac-~
cording to the methods given in section 1.1, we require quantities which correspond
to the potential function & and the perturbing forces ,6,; of the table following
(1,16). Thus, our intention is to find functions Z{(}g,)&,)g, ;q} and /o[(>9;)&;)4)
(=7 2,3 ) so that (3,18) may be expressed in the form

. _2U
%= -5

This may be accomplished as follows. We notice that the expressions in the square
brackets of (3,18) are the partial derivatives of the function

+ /Dt' ’ = ,12)3 : (3’19)

2 2
” 7 r*‘/ / r/
- — i -
/4 (7 ,1»‘)(,; + 5 ,a[,_z e (3,20)
wilth respect to Yr» Yo and Y3 respectively. As the factor

(3,1) £ __ 7
r 7+ e cos

does not depend explicitly on _X:" the potential U 1s the function

*
WU - U + 4y

7+ e cosyp ( )

Y X 3,21
2 = = F) - e+ 2) P
7+ € cos yw zY -

For the speclal case of the restricted circular problem (€ = O) it coilncides with
the potential (1,62). It should be stressed however that &¢ depends explicitly on
the independent variable y.

The perturbing forces L, acting in the restricted elliptic problem are, ac-
cording to the equations of motion (3,18) and (3,19),
7 e
L= 2 , p,_=—2)/,, Py = 0. (3,22)

This force may be regarded as a modified Coriolis force; the formulae (3,22) are
simitar to (1,30).

3.1.2 Regularization. The potential (3,21) occurring in the restricted elliptilc
three-body problem is singular at the two attracting centers (3,15). Because 1t de~

pends explicitly on s, the theory of section 1.1 (in particular equations (1,20),
(1,23),(1,24) ) must be slightly generalized. But the method being used in section
1.1.2 in order to regularize the 3-dimenslonal restricted circular problem at both
attracting centers can still be applled here. Thus we agalin introduce the four gen-

eralized coordinates v by formula (1,64):
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v+ £)
% = f-p +%[v,+;;'—;:£]
- L V:.(Vt ;Z)
D2 [V+ wiey, +v, ] (3,23)
[V + (Ve"é)"'vz

<]
oy, +-v‘ i

-transformation is given by

X"

The functional determinant & of this B3

(1,65) O = —'L’*——V— (3,24)

where the distances /7, /3 must be written in terms of the Vi

f(vl.ﬁf)-’- 1+V3+V4 r_é /Vf I)+ ’.+ Vt’l+V4‘l (3’25)

B .
Vv'+ vt vt VV+V,_+V3

For our elliptic problem the regularizing independent variable § plays the role
of a "fictitious true anomaly" and is defined by

(1,18) dy = \D-ds . | (3,26)

As in section 1.1, A= A(v, W, ¥, ) 1s a scaling factor to be specified in the
sequel. Now, the equations (1,22), adapted to our notations, have the form

L&

1 /71 _#* 20 :
(1,23) L2 (L 2u) 75 +[)————-0%., Jm 1.2,3,%, (3,27)

]

where &( is the function (3,21), % 1s the squared "velocity", that is

- 2 ()

and the 99 are the components of the perturbing force (Coriolls force) in the
parametric space. The rules (1,67) for computing these forces still hold true, but
the scaling factor A must be taken into account; this yields

4
2 oy, - 9%
g = ﬁ;(b,/.éu ~byby) Tk, 4, 5y (3,28)

As in section 1.1, the final step of regularization is to eliminate the velocity
2 from (3,27) by the use of an energy equation. But we should remember that our
potential & 1is not conservative, and therefore a vis viva integral like (1,11)

(Jacobi integral) is not avallable.

In order to bypass this difficulty we propose the following method. Multiply-
ing the ¢-th equation of (3,18) by )@2 summing over £ and taking into account
(3,20) yields
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Y LU )
dw( / d;a( 3/ 1+ecoszp dy . (,29)

Writing the last term on the left-hand side as

, d“t aﬂ‘
Ttecasy Ly (f-f-eooszp) d’/’(f'*eco.szy}
equation (3,29) becomes
2
o (B AU G g g
dz/l(z) d¢(/+ew5¢+ Z d¢//+eco.>zp)' (3,30)

By integrating from the initial value &/, of the true anomaly to a general value
s equation (3,30) may be brought to a form similar to (1,11):

LU - hr W (3,31)
where
* ¥ * e s¢
W = 174 = Sny a (3,32)
/ (7+ecasz,1))l v

4’9
is an integral replacing the work W of section 1.1. The quantity A is an energy
constant and may be computed from the initial velocity ¢4 and the initial poten-
tial &, at instant 2y, by

(3,31)(3,32) A - %14- U, . (3,33)

»

Although &(“ 1s infinite at colilisions, the integral M/ exists for every
finite value of zv. This can be shown by substituting the fiectitious anomaly .s in
the integral (3,32):

(3,25) W*= [y pur 22 gy, (3,34)
(1+ e cosyp)

Here the expression

* )\ 7 o3 3

A-DUT = —V&+VL+VL[—(Y—/<)(Q+Z—/; r}_)—/a(r’-l-—z!/;/;_}/ (3,35)
( 2 3

no longer has singularities at the attracting centers, provided that A remains

finite. The denominator n‘+ v Kf is in general non-zero: it vanishes only if

the particle is infinitely remote. This proves our statement.

The above mentioned final step of regularization 1s now carried out by elimi-
nating * between the equations (3,27) and (3,31). The result is (replacing the
@ by (3,28) )

g ditde) . 2 [plu-hlf
A ds Qy

Ads (3,36)

&
2 v, x 30 .
-TI‘E'(é.'/'AZL—Az/é,‘}#S. -+ W —97, /-7,2,5,4
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{ef. (1,68)). This system of differential equations must be integrated numerically,
and, in order to do thls, the values of & and wa*rmust be known at every step in
the integration. Therefore we add the following two regular differential equations

to the system (3,36):

dw”* _ . « e s
(3,34) =z AOoU Freecosu)y (3,37)
(3,26) v - 0. (3,38)

This terminates the regularization procedure. Equations (3,36), (3,37) and (3,38)
form, in all, a simultaneous system of 10 regular first order differential equa-
tlions for the unknowns v, dy-/a(.s _(/'e 7,2,3,4), w”r, ¥ as functions of s.

By using Birkhoff's transformation, the regularization of the 2-dimensional

restricted elliptic three-body problem has already been performed by Szebehely and
Glacaglia [12] in 1964. The result of these authors was a system of integro-differ-

ential equations.

According to section 1.1.2 the scaling factor A(W, Vi, %,lé) might be chosen
as A=7. In this case the equations (3,36) become very similar to the equations
(1,68) governing the restricted circular three-body problem. Equation (3,38) then
becomes

dy = m——" s . (3,39)
In order to integrate the system (3,36),(3,37),(3,38) of differential equations nu-
merically, the independent variable & 1is chosen to have a constant increment. As
(3,39) shows, the corresponding increments in ¥ become small whenever one of the
distances /3, /3 becomes small (i.e. whenever the particle comes close to the
earth or to the moon). This is the most important advantage produced by regulari-

zation.
2

LEAY

On the other hand, however, any variation in the denominator n‘+ 5‘-*
modifies the step length of %. Since the V,-axis, whose equation is %L+'4 + 5‘
= O, corresponds to infinity in the physical space (cf. (3,23)), the denominator
of (3,39) approaches zero 1f the particle escapes to infinity. From a numerical
polnt of view a small denominator should be avoided. Our numerical experiments show
that wf+ kf'+ qf may approach zero even 1f the particle 1s not extremely far a-
way in physical space. In such a case the increment in % Dbecomes very large wilth-

out any physical reason, and sometimes the numerical integration breaks down.

In order to avoid extremely large steps of 3, in what follows we define the

scaling factor A as
A= Ve ey (3,40)

(in the sequel A 1s used as an abbreviation for nl+ uf+ %:'). By thils cholce
equation (3,38) may be written in the form
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dyp = r;rp ds
which avoids the difficulties associated with (3,39).

In section 3.1.3 we describe a method that may additionally be used in order
to avoid extremely small values of the denominator K'+ 1"+ yt.

For our choice of A {ef. (3,40)) we now proceed to establish an expliclt
form of the system (3,36),(3,37),(3,38).

2
We multiply equations (3,36) by A ; the first term becomes

Sy ) 2 dv N
zE (L S = 2 Z_x,‘ oA (3,41)
where
A, = A 4= 1,2,3,4
A /a‘i 2 ) Ly =2 2
Ay =2y, Ay=2Va, Ay=2Vv;, A, =0. (3,42)

The second term 1s transformed as follows:

[D(lf )] = m T(a)*“ x11237[0(%—/*}/, (3,43)

where @) is an abbreviation for the expression on the right-hand side of (3,35):
*x ¢ ,.3 3
Q= NOUW = = (1-p)(ra+30773) —pu(ry+F5575) - (3,44)

In order to carry out the partial differentiations required on the right-hand side
of (3,43), we introduce the quantities

or;
’-7/'=>‘~9_V-L’ rzj-)\a‘;,
F+(A-1)y, lig == 2R+ (VA =1 v,
7, = (VX"’?) Ve l22 = €2 "’1) Va
2 h, - (Vi=r3) v fas = VX ~r2) vy (.42)
7y = iy, = - VX v,
as well as
. 2Q
&/ - A 3\9 ’
3
& =-[(r-+) 3 7°r3 +/4(7+—‘)]'”f/~ —[(f—ﬂ/(f+%}+ﬂ-§GQVQ/. (3,46)
and 2 50 (3,47)
4= K22 -y rnn - nnl ’

Then we obtain
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A‘ga—w(%} - g -aQ),

(3,48)
x?v[a(—" /‘/] —-/'—)'f ,g_x,-/\é_y.

By using the symbol &, defined in (1,67) as well as the abbreviations (3,40),

&
(3,42),(3,44) - (3,47), the regularized system of differential equations then be-
comes
2 4 d
4y . 2 . - . 1 v el
(3,3) L% - % g {Aéy Aoy - A 06, + Z)Y 7 ok
-7

~m (& -ak) - nnx Ay, - (A—%’-,uh/")g/

7+ e cos 77
( éz = Kronecker's symbol) (3,49)

x .
(3,37) W - Q e Sih y
(7+ e cos u }*

ds
(3,38) % = rr

Finally, in order to evaluate the derivatives 6/; , we notice that by introducing

the guantities

7 14
L=V %-2Y%, fisVuu+tzh (3,50)
and
2, 7 7 7
v, (v + V=3 / _ Yfatrif
O(’ = )\ > °<'z = X » “3 )\ (3: 51)
the B_-transformation (3,23) may be written as

3
21_/4 *+ £y, +e,), )’z=zt[‘§_"“°<z); X,=21(|g+o<_,). (3,52)

Differentiating these equations while taking into account (3,50) and (3,51) yields

A, = 21(‘42"‘4'?”‘"\)—"‘/ Y rb,, = -, v,
Ay = A Moo= F (v -F+X) -V
A, = -, Y ANbyy= -3y —ay
b, = vy Aby - S
(3,53)
Aby, = T Xg Vg
>\b32_= 21V4 — %V,
Nbyy = 2™~ 47’*‘)‘)“"3 7]
>‘534«"‘ ﬁa

In the sequel the points (;9_1‘, 0,0, 0) and (—2!,0, 0, 0) are called centers (in
the parametric space). By the B,-transformation (3,23) each of them is mapped onto
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one of the attracting centers in the physical space.

If the point }; is near one of the centers, the ij/ (/'- 7,2,3 ) appear in
(3,53) as differences of two almost equal quantities. The following manner of com=-
putation avolids the loss of significant figures,

fo = E[-ved)y-2) - -yt + 2], (3,502)
Moy = K06+ I+ E) = f4
Aoy= W-fi -t (3,53a)

Aby= V:—ﬁ“ - X3V, .

Assuming that the regularized variables y., a’\;-/c(s, W: ¥ are given for a
general polnt of the particle's orbit, the physical coordinates, velocity and time
can be computed as follows:

a) The B3—tr-ansformation yields the dimensionless coordinates ), and with 4
determined by (3,1), the physical coordinates J: are obtained from (3,14).
b) The derivatives of Yy, with respect to 2 are obtained from (1,19),

e AN ‘_7-5_5..1‘2 ‘- 7.2,3 3,54
.)/t dZ/I ,—;,}- /.-’ l/d,s » 1 2, » ( 5)

where the 6‘)- are given by (3,53). A formula for the computation of the velocity
d’?:'/dt in the physical space can be established by differentiating (3,14), tak-
ing into account (3,11),(3,2) and (3,1):

7". - w (€ + t’y‘) - K/;[?{X'—/-Z(-/S/‘/,

. o e .
. = A=+ sny -y, /), E=7,2,3. (3,55)
Z (= 7 J

¢) The physical time f may be computed from ¢ without integrating a differ-
ential equation by using the formulae (3,4) and (3,5).

We now add a few remarks concerning inltial conditions. From a given initial
anomaly ¥,, 1initial position 7‘- and initial veloclty 7"- the inltial dimension-
1ess coordinates Y, may be computed by (3,1) and (3,14). The formulae for the
computation of the initial derivatives y‘-’— a/_y‘- /o(y; are obtained by solving
(3,55) for ){./ and using (3,14):

-l e , .
X. /\'t{g 7¢ » scn 2y, 7‘ R Cm 7,2,3 . (3,56)

The regularized coordinates \9 may be computed as described in the sentence fol-
lowing formula (1,69). Then, according to (1,19), the initial "velocity" d_t;-/a’s
is given by

3 ' :
7 - >‘269'>@'- S= 02,3, 4% . (3,57)
(1 %4
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It may be verified that the components of the velocity computed by (3,57) sat-
isfy the relation

dy, dv, G(VE Ay _
"% s * S s /3’ ﬁ“ds e (3,58)
where ﬁl ,/6_, are given by (3,50), and /34 may be defined by (3,50a) or by

F05+£-2)

Equation (3,58) is the above mentioned non-holonomic condition belonging to the B3—

transformation. If this condition 1s satisfied by the inltial values of the parti-

cle's motion, it 1s satisfied by the regularized variables of this motion at any
time (i.e. for any S ). The proof of this statement is contained in [4].

Finally we collect the formulae of this chapter in order to establish a set of

guiding rules called

Fifth procedure

(Solution of the restricted elliptic three-body problem from given initial
values by numerical integration of the regularized differential equations.)

Data
Universal constant:

// gravitational constant.

Constants characterizing the earth-moon system:

m, , Mz masses of earth and moon respectively.
Compute:
A = F (7, # m,_/ (gravitational parameter),
s

M= (mass ratio).
7y + 722

/o’ e semilatus rectum and eccentricity of the moon's relative Kepler
ellipse about the earth (>0, 0< € < 7).
Compute:
a = 7—3—2_ (semi-major axis).
-e

Initial data of the particle's orbit:

Weo initial true anomaly of the moon in its relative Kepler ellipse.
7“ 71, 7_, initial position of the particle in the ro-
tating coordinate system (3,59)
described in section 3.1.1.

7’,, 7"“ 7’, initial velocity

Initial values for the regularized system
Compute successively the following quantities (which are all evaluated at the in-

stant ¥,):
Initial distance earth-moon:
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4
Initial values__V¥; and derivatives e of the dimensionless coordinates:

Y = % y oy - _ 7 - L sy, 7o, £=1,2,3. (3,60)

5=V, *p) Y+ N, o= [/(y, =) Yoy

Initial potential 174 and constant of energy /l:

2 2 y"
U= L[~ -p)E+ F) ~phr Z)]+ 3,
z 2 2 2 »* (3,61)
o= e

The initial values V- of the regularized coordinates

are computed by the following set of formultae (obtained by reading table (1,31)
from bottom to top):

-7 3 .
x,=/+=L’;§——— 5 Xy = X = 2,3 . (3,62)
2

(4 2
72

Inverse KS-transformation {cf. 24 procedure):

2 7 z 2 _ 4
U+l = 700+ %), u, +u; =L~ x,),
w, = X2t Xty w, = Xl t Nl ro= V2 x*
2 r+ X, ! r—Xx, ’ ¢ -
U, = Xz Uy — X2 Ug aé_: M
3 rm+ Xy ’ =Xy

Take the left- (right-) hand set if x, > 0 ( x, < 0) and choose U, (us) arbi-
trarily. Finally the regularized coordinates are
(4,—'7 . . - “(/ (3’63)

’

V, = ~ — V;
(4 2 X L 3
£ (= 1)%+ e} + uf + e 4 (U,=1) Uy + Uy +

S =2,3, 4.

By applying the formulae (3,50),(3,51) and (3,53) with

A= v"‘+ V:-f- V;'-
the values of the coefficients (A b‘/) at instant &%, are obtained. The initial
derivatives dy/ds are then given by

3

. 7’

4y w > (Ab,) Yy . (3,64)
ds . Y2 4

The initial values of W’ and ¥ are O and ¥, respectively. At instant ¥,

the independent variable S may be chosen as §= O .,
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The regularized differential equations

for the restricted elliptic three-body problem are given by equations (3,49). In
order to compute all the auxillary variables occurring on the right-hand sides of
these equations, formulae (3,40),(3,42),(3,50),(3,51),(3,52),(3,53),(3,25), (3,44),
(3,45), (3,46),(3,47) must be applied in this order.

Motion in physical space

Whenever Information about the motion of the partlicle is wanted, the results ob-
~tained in the parametric space must be transformed into the physical space. In or-
der to do so, the quantities r;,/;,)\,/?,,ﬁ_,,/e’,o(‘-, (Ab‘]} are first computed from the
actual values of Vi, &v./ds, W7", % by use of (3,25),(3,40),(3,50),(3,51),(3,53).

The values e and derivatives )4’ of the dimensionless coordinates are then
given by
- Lz 7
,)’/"é (u-l-z(V,-/-DC,)’ )’z‘z(‘&""“z); X"f(‘:’*oﬁ):
&
Ay
)/‘./ - / _/j //\6‘} -7 , = 1,2,3. (3,65)
G 97 v ods
71’2 J
With

l - —F~
7+ & cos @

7:' - f)/‘ s 7.4' - K(_‘;—ﬁ-)’z/*‘ Wf; s 'y;), "../,z,j_ (3’66)

In order to determine the physical time ¢, at whieh the particle attains this po-

sttion 77, first compute the eccentric anomaly £ from

E,a[/’_—g K4 -
7'2_ /+et72 ’ lw-£] < 7,

and then ¥ by Kepler's equation
3/2
Z‘-.

A

(é’—e.u'nE) .

Checks
Together with the transformation into physical space, two checks may easily be
carried out:

a) The non-holonomic condition (3,58) must always be satisfieds

oA v,

dv, o
V,V¢ :‘_(Zz +ﬁl. d: 7 ﬁ_,-z?' -+ ﬂ.“ d.S o . (3,67)
b) The equation
4 2 b7 *
7 47 4 5 ol -
2% ,Z‘., (L) *za+nna(Zz-W 4) =0 (3,68)

(which follows from the energy equation (3,31) by taking into account (1,20) and
(3,21) ) has to be satisfied at any time. The quantity @ is given by (3,44).
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3.1.3 Remarks. If a solution of the differential equations (3,49) passes through

one of the two centers (i‘i, 0, 0, 0), the corresponding orbit in the physical
space passes through one of the attracting centers. In this case the particle col-
lides with the earth or the moon. As a consequence of regularization the deriva-
tives dy—/da have finite limits even at collisions (in the physical space the
the components of the particle's velocity generally tend to infinity if the parti-
cle collides with one of the attracting centers).

In order to dlscuss the two types of collisions together, we lntroduce the
sign & which takes the value +/ or -7, according as the particle collides with
the moon or the earth. The attracting center with mass

[++ o-((u-;fj/(m,+ m, ) (3,69)
then has coordinates
2= (Fr-p)e. pem=o (3702

in the physical space. The corresponding point in the parametric space 1is

o
Vi=z . %

, = V3=V9 -0 , (3:71)

We now consider a collision of the particle with the attracting center indi-
cated by o . Then

S
V,_..Z' v, — O, Vs — 0, V4—’0.

According to (3,25),(3,40),(3,44) the followlng limiting values are obtained

N—f, =TT, n-LT, Q@—-(frow-4)

Substituting these in the energy equation (3,68) gives

& 2 p

. o -—

Sy — pested
; S 2(1+ e cos Y )

where &, 1s the value of the true anomaly at the instant of the collision under

consideration. Thus at a colllsion the limlit of the squared velocity in the para-
metric space 1is finite and does not depend on the direction oft the collision.

In the case of a colllision, the veloclty can no longer be transformed by using
equations (3,64) and (3,65), because the physical velocity becomes infinite and all
the 69- vanish. However instead of mapping velocity vectors at one of the centers
in the parametric space, we may establish a correspondence between the directions

of vectors at these centers.

We add to the position vector (g, o, 0,0) of the center given by o the

small increment

(v, Vs Vi» %), (3,73)
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dn 4% gy
s as as
In order to obtain the corresponding increment which is denoted by

which is parallel to the velocity vector (gl—:l-, at this center.

(65’1:)71’-)73/ ’ (3,74)
the point

(c($+%), %, 0y, V) (3,75)

is mapped into the physical space by the By-transformation. Substituting (3,75) in

(3,23) and expanding the results in power series at the point (%-,o, 0,0) yields

{fro - —2 -2 _2
Yym o s (G = )
- - = terms of 3¥d and
Ya= 2(v v — V) + -
- - - higher order
Ys= 2(% v+ uG)r .-

By keeping the direction of the increment (3,73) fixed, but allowing its length to
tend to zero, 1t follows that the desired increment in the physical space is in
fact given by (3,74) with

Y, = e
S= 2(3,0,-%Y,) (3,76)
73'=2(V173+F2_74) -
This is exactly the KS-transformation (1,44). Since the )7‘ are homogeneous func-
tions of the l_/—/ (all having the same degree), the transformation (3,76) is a map-

ping of the increments' direction. For that reason the length of the increment

(3,73) may now be chosen arbitrarily; for example, simply

\77‘6%; 9“%: S=2,3,4 . (3,77)

The vector (3,74) (with Y, given by (3,76) ) then indicates the direction of the

collision under consideration.

If the motion of the particle is started exactly at a collision (with the at~
tracting center given by ¢ ), one is concerned with the problem of finding an ini-

th dV‘_ dVl
Lds ’ ds T ds
tion (c-y,, )7,_, _Z ) of the collision in the physical space. This may be done by

tial velocity vector —:;—:K/ corresponding to the given direc-

applying the inverse KS~-transformation (1,47) to the vector (Y,, ¥,, )_/J ). If for
simplicity this vector is assumed to have unit length,

-2 .z —_
Yt Nt =7, (3,78)
the following formulae are obtained:
2 _z2 7 = ct.o e _ 71 -
uoev =3(1+5) v, * 7, -3
-\-,2_)71711‘-.)/5\’4 V’ - Vo » Vs
2z -_ — —
1 +3, or 7= (3,79)
7;5’3‘7;—572‘70 vV, = "Vz—-_li.
3 4 71-9,

1+y,
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The vector (d’\_’,, \_{._; V_,. 74\ ) is parallel to the initial veloecity vector in the
parametric space and also has unit length. Thus, according to (3,72), the initial
velocity vector is

e, du, La ) - (/—L_f*”f“"/ G,%,%,% (3,80)
(ds’ds’ds’ g(s) 2({+ec05¢°} CAZAA) 3::,).

Modifications of the fifth procedure for the case of an ejection
(the initial position of the particle is one of the attracting centers).

Only these parts of the Sth procedure, which must be modified in the case of an e~
Jection, are recorded here. The subtitles are the same as in the 5 procedure.

Data
Initial data:

The 1nitial position of the particle may now be indicated by the sign o

- - {-/ } . motion {m, (earth)

+ 7 starts at m. (moon)

(3,592)

(77',, 7'1, 72',) indicates the initial direction of the particle's orbit.
Furthermore the energy constant A must be given (ef. (3,61a)).

Initial values for the regularized ..,ystem
IEEEEEL!EIEE&-M__EE‘E_QEE’E‘_’EEE‘_’EE"-}Q__Qf_EDE-QETEEEES&‘ISE&ESQE"EEBEES§'

14
H=FE-pm. = Ys=oO.

/ we now mean the components of the unit vector indicating the

By A

initial direction (3,60a)

”’::-——ﬁ——-—— - 112,3.

v 7;1‘* (A 7:

The forimulae (3,61) can not be used. The energy constant A is

given by the initial data. } (3,61a)

V,-%—, V= Vy= VY =0 (3,63a)

It is not necessary to apply (3,62) and the inverse KS-transformation (1,47).

Initial derivatives d VA

The coefficlents f/} cannot be used because they all vanish.

with _ L L, ,
=T s 2= D2, V3=

compute the B from (3,79). Use the left-hand or the right-hand

equations of (3,79), according as )7, is positive or negative. (3,642)
The inltial derivatives are given by
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4% Y] - F+(-§) o - -
/ ’ds ’d&ldS/ 2(""Cwszpa) (O-VIIVI}VJ;V“)’

where 1y, 1is the initial true anomaly.

Referring to the remark following formula (3,40) in section 3.1.2 we now glve
a few words on avoiding small values of the denominator 1;‘+ V,_"+ l(," during nu-
merical integration of the regularized differential equations (3,49).

As 1t 1s mentioned 1n the fifth procedure, there are generally many points in
the 4-dimensional parametric space which are mapped onto the same point of the 3-
dimensional physlcal space by the B3-tra.nsformation. The set of polnts (“4; w,,w,,w,)
having the same image as the fixed point (¥, Va, Va, ¥ ) 1s called the flbre pass-
ing through the point (V, V,, V;, % ) and is given by {cf. [4], page 26)

w, v,
W, - F Vecosp + V3 Sing (3,81)
Wy | BHE) - (pf)esp + v sing | -Vesing + 1 cas o ‘

W, Yeasp v (p-f) sing

2

where P i1s the expression

2 2 z 2 2
P Ve iy Y

In order to obtain all points of the fibre passing through the point Vi, the para~
meter @ must take all values in the interval O < ¢ < 2x . In general the fibres-
are clrcles, the only exceptions belng the V4_ -axls v,"+ V,_"+ L_/;‘- O and the two
centers (i'z’, 0,0,0).

For the following discussion, on the fibre circle passing through the point v
we introduce the points A and F . They have the property that, of all the points
belonging to the considered fibre circle, their distances from the ; -axis, oy
and dF , are the least and the greatest respectively (nearest and farthest point).
There are also fibre circles, where all the points have the same distance from the
\/4-a.xis, but this case 1s not important here. The relation

. 4
Q- oty = f (3,82)
holds true for every fibre circle.

Let us now consider for a point tj lying on an orbit-in the parametric space

the fibre passing through this point. If for v the denominator
2
d - V,l+ sz.+ V;

is small compared with 7=, it follows from (3,82) that the point V¥ lles near the
point AN of its fibre. In order to avoid a close approach of v to N we pro-

)

pose the followlng method.

If the denominator d? at a point (¥, Vi, V3, ¥, ) of the orbit becomes
4

2
smaller than a certain limit Q’,, << i the motion in the parametric space 1s
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stopped and restarted at another point (W,, Wi, W,, W, ) of the fibre passing
through v; . The coordinates W, are given by (3,81) with a sultable value of @,

and a formula for computing the derivatives i%?f from f%?' may be obtained by
differentiation of (3,81) with respect to S.

The consequence of this procedure 1s not recognizable in the physical space
because the B3-transformation maps all the polnts of a fibre onto the same point.

A suitable choice of P may be obtalned from the followlng statement, [4]:

We consider equation (3,81) as a transformation (depending on # ) of the parametric
space onto ltself keeping fixed the fibres. The special transformation that maps
the farthest point F of a fibre onto A/ 1s given by (3,81) with @ = @, = X .
On the other hand the transformation mapping # onto a general point (%, ¥, %, V)
1ying on the fibre of F 1is given by (3,81) with

@ = a,_-j[v,'# Vot Vit (v, +2£}2'_] . (3,83)

This informatlon about the position of the point y on its fibre may be used to
choose the angle @ occurring in (3,81) in such a way that the transformed coordi-

nates Ww;

v/ satlsfy the 1lnequation

2 2
w,+w;‘+w; > d, .

Although this procedure may sometimes help to avold extremely small denomina-
tors during the numerical integration, the singularity occurring when the particle
escapes to infinity 1s still present. But in practice the particle's orbit is of
very little interest at a great distance from the earth and the moon.

2.2 Examples

The fifth procedure is very useful for computing orbits in the restricted el-
liptic problem whenever the particle comes close to one of the attracting centers.
In order to illustrate this we give here some results of numerical experiments. All
the computations were carried out on the Control Data 1604-A computer of the Swiss
Federal Institute of Technology.

A computational program (referred to as SIMREG = simultaneous regularization)
for the calculation of trajectories in restricted three-body problems was written
in ALGOL. In 1ts essentlal parts the program is a replica of the fifth procedure,
but the transformation to an inertial coordinate system is added. The numerical in-
tegration of the regularized differential equations (3,49) is always performed by
the Runge-Kutta method (single step method of error order 4),

The orbits resulting from the computations are displayed in two coordinate
systems; we refer to them as

a) the inertial coordinate system,

b) the dimensionless rotating system.
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The inertial coordinate system 7¢5 Z:; ?; has its origin at tEg center of gravity
of the two attracting bodies (earth m, and moon my,). The %, -axis initially (at
time 7 = O) passes through the attracting centers and is directed from earth to
moon. The 7:'—axis is obtained by rotating the 7f;axis through the angle Jt%i in
the moon's orbital plane (in the sense of the moon's revolution). The ;ﬂ'-axis is
then chosen to form a right-handed rectangular system together with the two previ-

ous axes 71:, 7: .
The dimensionless rotating system is the coordinate system Y,, Ya, Y; 1introduced

in (3,14). The origin 1s again the center of gravity, and the )g-axis coincides
with the 7;—axis. The system rotates about this axis and "pulsates" in such a way

that the earth and the moon occupy fixed positions on the Y,-axis.

3.2.1 Transfer of a vehicle from earth to moon. In this first example the computa-
tion of a realistic orbit from earth to moon 1s descrlbed. In order to compute the
vehicle's trajectory by the program SIMREG, the motion of the moon had to be ap-
proximated by a pure Kepler orblt which ylelds values for the orbital elements of

the moon. This was performed by approximating a given exact ephemeris of the moon.
We are indebted to Mr. B. Stanek for this auxiliary computation. Only perturbations
by the moon have been taken into account. The resulting orbital elements of the

moon are:

semi-major axis a@ = 382 100 km

time of revolution 7 = 648.61321 926 nrs
eccentricity e = .05

initial true anomaly Y, = .3 rad

mass ratio A= 01211 68060 .

In all our examples we use "standard" units adapted to the earth-moon system
under consideration:
unit of length: a (semi-major axis)

unit of time 77/227r (3,84)
unit of mass : M, + 7, (total mass)

By the laws of Kepler motion it follows that

P = 7— et (semilatus rectum)

7 = 2z

Mg+ 272, =

£ - 7 (gravitational constant).

In standard units the adopted initial conditions for the vehicle (in the rota-

ting coordinate system described in section 3.1.1) are

n, = -.02182 35477 %, = 5.25062 2867
72 = --01299 03502 7"1,_ = -2.01747 1424
7s = .00542 30458 Vs = 8.94355 4806.
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In Flg. 3.2 and Fig. 3.3 we show the transfer orblt from the earth to the moon
resulting from the constants and initial values llsted above. The trajectory starts
about 285 km above the earth's surface and collides with the moon's surface. It
this body is assumed to be a mass point, the orbit may be continued into the inte-
rior of the moon and further into deep space. The minimum of the vehicle's distance
from the center of the moon 1s about C/zo of its radius. After this near-colli-
slon the vehicle escapes with high velocity from the earth-moon system.

For the numerical computation of this orbit a constant step A4s = .02 of the
fictitioué anomaly § has been chosen. Due to the influence of regularization the
corresponding step z]y; of the true anomaly increased from 4'10'4 up to its max-
imum 6'10‘3 between the earth and the moon and was finally reduced to 5'10'6 at
the closest approach to the moon. 143 Runge-Kutta Integration steps were needed
for reaching the moon's activity sphere (radius = 57 500 km), and 160 more steps
were needed for the leg of the Journey to the closest approach. No numerical Insta-
bilities are generated by this close approach.

In Fig. 3.4 the true anomaly ¥ 1s plotted as a function of the fictitious
anomaly S. 2(s) 1s monotonically increasing, but 1t increases very slowly in the
neighbourhood of the points § = 0 and s = 6.06 corresponding to the earth and
the moon.

Y § {radians)
2 —
1 e
i
i :dosest approach
| 1o moon’s center
1 |
|
B 1
|
] |
|
|
Q- -y — e e S § T Tt — T T T T -
S

¢} 5 6.06 10

Fig. 3.4. The true anomaly 7y as a function of the fictitious anomaly s
in the case of Fig. 3.2.

The values of the left-hand sides of the checks (3,67) and (3,68) did not ex-
ceed ‘l.7°10"9 and 6.5-10‘9 respectively after 500 steps. In order to obtaln
information about the exactness of the numerical integration the same orbit was
computed with a new step length s = .04 , and two corresponding sets of coordi-
nates Y; describing the arrival on the moon were compared. The maximum difference
was 1.2-10‘6 . Thus the orbit computed with As = .02 1is exact to at least 6

decimal places.

Because the eccentricity of the moon's orbit, in this example, 1s very small,
we carried out corresponding experiments with a fictitious moon m, moving in an
orbit of high eccentricity. The following input data were chosen (standard units):
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M= me= .1, P = .36, e = .8, Yo = - .5,
% =0 ?9 =0
7’_=0 72‘=-.5.
75 =0 7y = 9.15 .

The resulting trajectory 1s displayed in Fig. 3.5. It is remarkable that the
vehicle reaches the moon m,, altough the initial velocity is almost perpendicular

to the orbital plane of m,.

The computation proceeds in the same way as in the preceding example. No dif-
ficulties occur because of the large eccentricity of the orbit of m,.

3.2.2 A 3-dimensional periodic orbit in the restricted circular three-body problem.

Recently, R.F. Arenstorf [13] has computed families of plane periodic orbits pass-
ing near both attracting centers of the restricted circular problem. On the other

hand C.L. Goudas [14] constructed many 3-dimensional periodic orbits wlthout close
approach to both masses. In order to make a first step in synthesizing the methods
of the two authors, we present in Fig. §;§ an example of a 3-dimensional periodic
orbit of a particle ejected from the first attracting center (earth) and approach-
ing very close to the second center (moon). About 100 preliminary orbits have
been computed by Mr. E. Sturzenegger in order to achieve periodicity. Up to the

present we have not been able to construct a 3-dimensional periodic orbit colliding
with both attracting centers.
The system of the attracting centers is characterized by the values (standard

units)
K= mao= 1, P =1, e=-o0, Yy, = 0.

The direction of the ejection needed for periodicity was found to be
(-1, 0, .06874 215 )

in the dimensionless rotating system, while a value
A = -.82448 546

had to be taken for the energy constant. The half period 272. thus became
/2 = 7.77403 9

(2.4 = 6.283... corresponds to one revolution of the moon).

The orbit resulting from these input data 1s symmetric with respect to the
)g,)g—plane. This is a consequence of the facts that the initial position and the
direction of ejection are in this plane, and that the orbit intersects 1t perpendic-
ularly at the time 272 . Therefore only half the orbit is plotted in Fig. 3.6 (the
projection to the },);-plane is a curve being covered twice).

A final remark to thilis periodic orbit is added. At ejection the veloclty com-
ponent perpendicular to the )4,)Q—plane is small, but later, after the close ap-
proach to the moon, 1t 1s very large. This fact ralses some doubts about the sta-
bility of the many classical plane periodic orbits if perturbations perpendicular

to the moon's orbital plane are allowed.
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3.2.3 Conclusions.

- From a theoretical point of view the B3-regular1zation of the elliptic restric-
ted problem is very well sulted to the qualitative discussion of trajectorlies and

to obtaining information on the general behaviour of a three-body system.

-~ It may also be well sulted to feasibility studies on transfer orbits from one
celestial body to another, as for instance in problems of capture.

- For the exact numerical computation of transfers 1t is a dlsadvantage that the
two attracting centers are assumed to move on exact Kepler orbits. If thls assump-
tion is not satisfied, one could use, at the beginning of the trip, KS-regulariza-
tion centered at the earth and swltch at a convenlent instant to KS-regularization
centered at the moon. We have no experience about the numerical behaviour of such a
method.

- It should be mentioned in this connection that A. Deprit and R. A. Broucke [15]
have suggested thls ldea in the special case of the 2-dimensional restricted circu-

lar problem by using Levi-Civita's transformation. They have developed a simple set
of formulae containing a switching parameter. The generallzation of such a proce-

dure to 3-dimensional motion and to KS-transformation is obvious.
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4, EXPERIMENTS CONCERNING NUMERICAL ERRORS

by C.A. Burdet

4.1 Configuration of the reference orbit

(with which all numerical experiments have been performed)

At the time this paper is being written, complete results of numerical experi-
ments are only available for unperturbed and circular Kepler orbits (eccentricity

= 0) and we shall therefore restrict our presentation to this special case.

In order to put the 3-dimensional KS-regularization {cf. 1.2.1} into operation
and to investigate 1ts numerical behaviour, we choose a circular trajectory with

orbital plane in general position.

The gravitational parameter M was set equal to 4 in (1,51) and the radius
of the orbit is 1 .

Exact initial conditionss:

X, = .36235 77544 9 X, = -.50358 28673 1 ,
X, = -93203 90859 7 .19578 27303 0, (4,1)
X3 = 0 , X3 .84147 00848 0

X
»
I

i

The corresponding circular orbit has an inclination with respect to the x4 X, -
plane measuring roughly 57°.
From the above conditions, we derive the following formulae for the motion of

our particle:

Xq = .36235 77544 Q » cost - 50358 28673 1 * sint
Xz = .93203 90859 7 * cost  + .19578 27303 O * sint (4,2)
X3 = .84147 00848 0 # sint

t 1s the physical time.

Furthermore, we have for the radial distance r and the true anomaly ¢ the

following exact expressions:
r = 4 , (4,3)

p = t . (414)

4.2 Numerical integration of the equations of motion

A) Classical equations of Kepler motion. Our system of differentlial equations is

composed of 6 first order equations which read

116



_ x_ (i=423) (4,5)
Yo = __I‘;_ !
where
3
r == in" R _(4:6)
=1

We denote the sotution of (4,5) obtained with numerical integration by:

x; , (i=1,2,3)

ol

initial conditions are given in (4,1).

B) Regularized equations of motion. The four parametric coordinates Uy, Uy Uy, Uy
and the pnysicél time t are computed from a system of Q first order differential
equations which read
]
(1,74)(1,83) U=y,
] A (j = 4|2|3|l") (4’7)
Vi = otqy,
Y
]
(1’57)(1145) t = — ujz . (4.18)

Here the independent variable is the fictitious time s ; after numerical inte-

gration the physical coordinates are obtained from

2 2 2 2
Xy = U — U, — Uy fug

(1,44) X3 = 2(“4‘-4:." uauv) [ (4:9)
Xy = 2 (uouy + wu,) .
and the velocities from
Xy = %(u.u.’—uiu;—u,u,'-*u.,u.}) ,
2 [ ] ' '
(1,98) Xy = F {ugud + upw) ~ uyuy ‘uu“s) ) (4,10)
%, 0= 2 (woul +ugug F U U )
with
* 2
(1,45) r= o 2_u . (4,11)

=4

We denote the numerical value of the above coordinates obtained by numerical

integration by:

req xi !
for the velocities: .
req xi
and for the physical time:
r!gt
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It should be emphasized that throughout integration we constantly make use of

the exact initial value wz- {- in the equations of motion (1,74).

The initial conditions for the parametric coordinates and velocitles are takeh
from the left-hand version of (1,47) by choosing u,= 0 and from (1,48).

Thus, we have at our disposal the numerical values of

- the solution 4% for the classical case,
- the solution regXt 2 ,,_’t for the regularlized case,

- and the solution exXi which denotes values of coordinates of the exact analyt-

ical solution (4,2).

Comparison of numerical solutions with the exact analytical solution was es-
tablished for the distance r and true anomaly @ , in both classical and regular-
ized cases. We computed r and ¢ from the Cartesian coordinates X and

reg Xi respectively by projecting the point x; onto the orbital plane of the ex-

act solution. The results are denoted in the sequel by

a + a% 7 red” 1 reg¥ respectively.

Furthermore o' el denote the exact values (4,3),(4,4).

Numerical errors can now be defined as follows:

{for the ctlassical solution:

dAr(d) = ri) - i) (4,12)
clA‘f(t) = Ja¥ {(th - tx‘?(t) f (4,13)

feor the solution of the regularized system:

r.gAr (rlgt) = rggr(s) - g_xr(regt) ) (4,14)

rggA'f(rcgt) = 1eg 9(S) - ex‘f(rtst) ) (4,15)

i.e. regularized coordinates and ., 9 are opposed to values r and _ ¥

v!gr ex
of the exact solution taken at the computed time m]t .

We also determined the influence of numerical errors on the most important of

all elements of the orbit, namely the seml-major axis a; values of a, reg &

yield the following errors:
ahatt) =~ jalt) -4 | (4,16)
'.SAG(",t) - rega(regt) -1 . (4,17)

They were computed, during integration, for various values of time, from the corre-

sponding values of the physical coordinates x; and velocities Xi .
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All experiments were performed on a Control Data 1604-A computer using float-
ing point arithmetic with ~44 decimal places and symmetric rounding.

The differential equations were integfated with the standard Runge-Kutta meth-

od of order 4.

4.3 Description and results of the numerical experiments

In the following figures, the unit on the time axis corresponds to one period
of revolution of the exact Kepler orbit, i.e. 2T = 6,28 units of t .

We describe two experiments:

A) Long term experiment. For both the classical and the regularized case, we choose

a step size such that integration of one whole revolution 1s accomplished in

10 * 2T = 63 integration steps.

This relatively large value of the step size ( = 0.1 ) clearly brings trunca-

tion errors to the foreground so that round-off errors are imperceptible.

Fig. 4.1 represents the error behaviour of r and a; the scale factor im-
posed by the errors in the classical case is such that in the regularized case the
error curve for r can hardly be distinguished from the error curve belonging

to a.

Fig. 4.2 shows errors of the true anomaly.

B) Short term experiment. In contrast to experiment A), experiment B) is primariiy

designed for throwing some light on the behaviour of round-off errors.

This was done by choosing a smalier mesh which corresponds to 50 # 2T & 314
steps per revolution (step size = 0.02).

Here again results have been plotted in Fig. 4.3 and Fig. 4.4.

In Fig. 4.4, the curve rggA? requires some explanations; the main component
of this error 1s due to the propagation of round-off errors in the integration of
the physical time in equation (4,8).

Integration of formula (4,8) with the above mentioned Runge-Kutta method is
equivalent to Simpson's rule; for two consecutive values t, and %,,, ., we have a

relation of the type

regtn+4 = r:gtn + h-F(s) , (4,18)
where Fl{s) 1s a function determined by the numerical method of integration.
Looking at the right-hand sides of (4,8) and (4,11) we see that, on account of or-
bital stability of Kepler motion, the value of F(s) remains very close to 41 and
is a smooth function of s . At each integration step the addition at the right-hand
side of (4,18) is rounded thus creating a cumulative propagation of round-off

errors and thereby erroneous values of regt -
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However it should be emphasized that such a propagation of round-off errors
while integrating a perturbed Kepler motion, is expected only if the physical time
is integrated with formula (1,94) of the second procedure {cf. 1.3.2). This propa-
gation no longer exists if physical time is integrated with the companion procedure

of section 1.3.3, since only the perturbation of time is numerically integrated.

4.4 Conclusions

- The above experiments present numerical integrations of the coordinates X
and consequently do not test the methods developed in chapter 1 and chapter 2 which

only require integration of the perturbations of elements o;, ﬁj .

- However it has become evident that regularized methods are significantly more
stable than classical ones, during numerical integration; experiments have corrobo~
rated the theoretical considerations of section 1.7.1 and they show that the advan-

tage of regularization outlined there is more pronounced than expected.

- Further studies (not published here) concerning elliptical orbits show. that
this behaviour also occurs in such cases; for higher values of the eccentricity,

this beneficent tendency becomes even more slgnificant.

- Theoretical investigations on such error behaviours are subject of a forthcom-
ing thesis 1in which separation of truncation and round-off errors, as well as per-

turbed motion will be discussed.
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